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Abstract
The aim of this paper is to study further the universal toric genus of compact
homogeneous spaces and their homogeneous fibrations. We consider the homoge-
neous spaces with positive Euler characteristic. It is well known that such spaces
carry many stable complex structures equivariant under the canonical action of the
maximal torus T k. As the torus action in this case has only isolated fixed points it
is possible to effectively apply localization formula for the universal toric genus.
Using this we prove that the famous topological results related to rigidity and mul-
tiplicativity of a Hirzebruch genus can be obtained on homogeneous spaces just
using representation theory. In that context for homogeneous SU -spaces we prove
the well known result about rigidity of the Krichever genus. We also prove that
for a large class of stable complex homogeneous spaces any T k-equivariant Hirze-
bruch genus given by an odd power series vanishes. Related to the problem of mul-
tiplicativity we provide construction of stable complex T k-fibrations for which the
universal toric genus is twistedly multiplicative. We prove that it is always twist-
edly multiplicative for almost complex homogeneous fibrations and describe those
fibrations for which it is multiplicative. As a consequence for such fibrations the
strong relations between rigidity and multiplicativity for an equivariant Hirzebruch
genus is established. The universal toric genus of the fibrations for which the base
does not admit any stable complex structure is also considered. The main exam-
ples here for which we compute the universal toric genus are the homogeneous
fibrations over quaternionic projective spaces. 1
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1 Introduction
The toric genus is an invariant of a stable complex manifold with an action of the torus
T k, k ≥ 1. It plays an important role in studying such manifolds, especially in those
cases when the torus action has isolated fixed points [13]. The wide class of these
manifolds has appeared recently in toric geometry and toric topology. The other class
of well known classical manifolds with such action are compact homogeneous spaces
G/H of positive Euler characteristic with the action of the maximal torus for G. In this
case due to representation and Lie group theories it is possible to effectively describe
invariant almost complex structures as well as the corresponding weights at the fixed
points for the canonical action of a maximal torus [15]. It allows us to, using toric
genera, solve an outstanding problem of description of complex cobordism classes of
homogeneous spaces [15]. In particular, we effectively computed complex cobordism
classes of homogeneous spaces such as flag and Grassmann manifolds related to the
standard invariant complex structure.
In this paper we further describe complex cobordism classes of flag manifolds and gen-
eralized Grassmann manifolds related to an arbitrary invariant almost complex struc-
ture. As a consequence we obtain the results on top Chern numbers sn for these spaces.
The problem of the numbers sn is well known as the problem of multiplicative gener-
ators in the complex cobordism ring [31].
Within the questions of toric genus of the equivariant stable complex fibration that we
consider the two cases can be recognized. The first one is when the total space, base and
the fiber are equivariant stable complex manifolds whose structures are compatible. In
the theory of Hirzebruch genera the problem of multiplicativity of genus for fibrations
is well known. We consider this problem for toric genera and prove the twisted product
formula in this case.
The second case is related to the notion, introduced in [13], of toric genera for the
family of the stable complex manifolds with torus action. This family consists of the
bundles whose total space admits equivariant stable complex structure which also in-
duces such a structure on the fiber and projection to the base is equivariant map. The
analogous localization theorems are obtained for this generalization of toric genera. In
our paper we study generalization of toric genera in the case of corresponding bun-
dles of homogeneous spaces. We pay special attention to the bundles for which the
base does not admit any stable complex structure such as the bundles over quaternionic
projective spaces.
The Hirzebruch genera appeared in algebraic geometry and became widely known due
to the famous Atiyah-Singer theorem on index of differential operators on manifolds.
They play a fundamental role in the theory of complex cobordisms and its applications.
In all these areas in the focus of interest are classical genera such as the Todd genus,
the signature and an arithmetic genus [21] as well as modern genera such as an elliptic
genus [34], the Krichever genus [28] and the general Krichever genus [9], [10]. The
toric genus of a manifold has its values in the complex cobordism ring of the classifying
space of the torus, while the toric genus for the families has its values in the complex
cobordism ring of the Borel construction for the torus action on the base. Taking the
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composition of the toric genus and mappings from the complex cobordism ring given
by the Hirzebruch genera we obtain specialized toric genera. This opens an approach
to the problems which are analogous to the well known problems such as rigidity [21].
One of the most important result in this direction is the famous Krichever rigidity theo-
rem for the Krichever genus on SU -manifolds [28]. In our paper we obtain the results
based on the deep connection between the rigidity problem of specialized genera and
the theory of functional equations.
The context of the paper is as follows.
In Section 2 we recall the notion of a tangentially stable complex T k-manifold and
for the case when the action has isolated fixed points the formula from [13] which
computes toric genera in terms of weights and signs of fixed points is given. We also
recall [26] the notion of G-genus for any smooth G-manifold admitting a G-invariant
stable complex structure, where G is a compact connected Lie group. This genus
takes the values in the complex cobordism ring of the classifying space BG. Using
the embedding of the torus T k in the group G we describe the relation among the
corresponding genera.
Section 3 is devoted to the universal toric genus on compact homogeneous spaces of
positive Euler characteristic with an invariant almost complex structure and the canon-
ical action of a maximal torus. We generalize our result from [15] to the flag mani-
folds endowed with an arbitrary invariant almost complex structure as well as to the
generalized Grassmann manifolds. We compute the top Chern numbers sn for these
manifolds and note that most of them vanish. The class of homogeneous spaces ad-
mitting an invariant SU -structure is also considered and such known examples among
symmetric and 3-symmetric spaces are recalled. We describe the flag manifolds and
some k-symmetric spaces admitting a SU -structure.
Section 4 deals with the Krichever genus and the Hirzebruch genus given by an odd
power series. The main tool we use is the representation theory of Lie groups and the
localization criterion for T k-rigidity of Hirzebruch genus [13] based on the localization
formula for the universal toric genus. In this way we prove the result of [28] that
the Krichever genus is T k-rigid on homogeneous SU -spaces. We also prove that any
equivariant Hirzebruch genus defined by an odd series vanishes on flag manifolds and
some k-symmetric spaces. It, in particular, implies that an elliptic genus as well as an
arithmetic genus vanish on these manifolds. Moreover, we prove that in the case of
consideration for an arbitrary T n-stable complex manifold its equivariant genus is, up
to sign, independent of the given equivariant stable complex structure.
In Section 5 we deduce the explicit formula for the χy - Hirzebruch genus in terms of
weights and signs at a fixed point for homogeneous spaces of positive Euler charac-
teristic endowed with the action of a maximal torus and an arbitrary equivariant stable
complex structure. As the consequence, we deduce the known formulas [5], [22] for the
signature as well as for the Todd genus of homogeneous spaces related to an invariant
almost complex structure.
In Section 6 we consider homogeneous fibrations endowed with compatible invariant
almost complex structures and prove that for the universal toric genus of such fibra-
tions the twisted product formula holds. We further describe those fibrations for which
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the universal toric genus is multiplicative. The twisted product formula enables us
to establish in this case the strong relations between the notion of T -rigidity and muli-
plicativity for an arbitrary Hirzebruch genus. This is another way to obtain a large class
of homogeneous spaces having a trivial signature, an arithmetic genus and an elliptic
genus.
In Section 7 we generalize the notion of compatible almost complex structures on ho-
mogeneous fibrations to arbitrary fibrations. Moreover supposing the base and the fiber
are T k-equivariant stable complex manifolds, we provide a construction of the corre-
sponding fibration for whose universal toric genus the twisted product formula holds.
Section 8 deals with the universal toric genus of the bundles whose total space and base
are endowed with the smooth actions of the torus T k, related to which the projection is
an equivariant map. It is also assumed that the total space admits a T k-equivariant sta-
ble complex structure which induces a stable complex structure on the tangent bundle
along the fibers. We explicitly compute the universal toric genus for some examples
of such bundles over quaternionic projective spaces, for which it is known that they do
not admit any stable complex structure.
2 Toric genera
We refer to [13] and [15] for detailed account regarding the notions of universal toric
genus.
2.1 Tangentially stable complex T k-manifolds.
We consider a tangentially stable complex T k-manifold (M2n, cτ , θ). It means that on
a compact manifold M2n are given the stable complex structure cτ and the action θ of
the torus T k which are compatible meaning that
cτ : τ(M
2n)⊕ R2l → ξ
is a real isomorphism for some trivial bundle R2l and some complex vector bundle ξ
on M2n and the transformation given by
r(t) : ξ
c−1τ−→ τ(M2n)⊕ R2l dθ(t)⊕I−→ τ(M2n)⊕ R2l cτ−→ ξ (1)
is a complex transformation for any t ∈ T k.
For the triple (M2n, cτ , θ) it is defined the universal toric genus as follows. The Borel
construction provides fibration
M2n → ET k ×Tk M2n p−→ BT k ,
whose tangent bundle along the fibers is endowed with the stable complex structure.
Consider the corresponding Gysin homomorphism
p! : U
∗(ET k ×Tk M2n)→ U∗(BT k),
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where U∗(X) denotes the theory of unitary cobordisms of the space X . The universal
toric genus of the triple (M2n, cτ , θ) is defined by
Φ(M2n, cτ , θ) = p!(1) .
Recall that U∗(BT k) = Ω∗U [[u1, . . . , uk]] is the algebra of formal power series over
Ω∗U , where by Milnor-Novikov theorem [31] we have thatU∗(pt) = Ω∗U = Z[a1, a2, . . .]
and deg ai = −2i. It is proved in [14] that the universal toric genus can be expressed
in the following way
Φ(M2n, cτ , θ) = [M
2n] +
∑
|ω|>0
[Gω(M
2n)]uω , (2)
where ω = (i1, . . . , ik) and uω = ui11 · · ·uikk . Here [M2n] denotes the complex cobor-
dism class of the manifold M2n with the stable complex structure cτ and Gω(M2n) is
the stable complex manifold which is obtained as the total space of the fibration over
the base Bω with the fiber M2n. The base Bω is obtained using Bott tower and it is
cobordant to zero for any ω such that |ω| > 0.
Under some additional assumptions the universal toric genus can be expressed in terms
of the formal group in complex cobordisms. The formal group in complex cobordisms
is studied in detail in [32] and it is defined by
F (u, v) = cU1 (η1 ⊗ η2) ∈ U2(BT 2) , (3)
where by η1 and η2 we denote the universal complex line bundle over CP∞. After
putting cU1 (η1) = u, cU1 (η2) = v ∈ U2(CP∞) we have that
F (u, v) = u+ v +
∑
αiju
ivj
for some αij ∈ Ω−2(i+j−1)U , i > 1, j > 1. This group is, by the result of [42]
isomorphic to Lazard’s universal formal group.
For the formal group F (u, v) it can be uniquely defined the corresponding power sys-
tem {[n](u) ∈ Ω∗U [[u]], n ∈ Z} by the following rule:
[0](u) = 0, [n](u) = F (u, [n− 1](u)) for n ∈ Z .
For n = (n1, . . . , nk) ∈ Zk and u = (u1, . . . , uk) one defines [n](u) inductively with
[n](u) = [n](u) for k = 1 and
[n](u) = F kq=1[nq](uq) = F (F
k−1
q=1 [nq](uq), [nk](uk))
for k ≥ 2. Using (3) this also can be presented in terms of the first Chern class for the
universal complex line bundle ηi over CP∞ as
[n](u) = cU1 (η
n1
1 ⊗ · · · ⊗ ηnkk ) for n = (n1, . . . , nk) ∈ Zk≥0 .
If all fixed points for the action θ on M2n are isolated, it is proved in [13], [14] that,
appealing to the formal group, the universal toric genus for (M2n, cτ , θ) can be local-
ized meaning that it can be expressed in terms of the local data at the fixed points for
the action θ related to cτ .
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Let p be an isolated fixed point. It is defined the sign(p) to be equal +1 if the map
τp(M
2n)
I⊕0−→ τp(M2n)⊕ R2l cτ,p−→ ξp ∼= Cn ⊕ Cl π−→ Cn
preserves the orientation, otherwise it is equal −1. Recall that here the orientation in
τp(M
2n) comes from the stable complex structure cτ and it is not related to the action
of the torus T k, while the orientation of Cn on the right hand side coincides with the
orientation in τp(M2n) which comes from the torus action. The action θ at a fixed point
p gives rise to the representation rp of T k in GL(n,C) for which is known from repre-
sentation theory to be determined by its weights vector {Λ1(p), . . . ,Λn(p)}. Namely,
the representation rp decomposes into the sum of n non-trivial one-dimensional repre-
sentations rp,j . Each of rp,j can be written as rp,j(e2πix1 , . . . , e2πixk)v = e2πi〈Λj(p),x〉v,
for some Λj(p) = (Λ1j(p), . . . ,Λkj (p)) ∈ Zk where x = (x1, . . . , xk) ∈ Rk and
〈Λj(p),x〉 =
∑k
l=1 Λ
l
j(p). Then the localization formula for the universal toric genus
of (M2n, cτ , θ) is given by the following Theorem [13].
Theorem 2.1.1. If all fixed points for the action θ are isolated then
Φ(M2n, cτ , θ) =
∑
p∈P
sign(p)
n∏
j=1
1
[Λj(p)](u)
, (4)
where P denotes the set of fixed points and {Λj(p), 1 ≤ j ≤ n} are the corresponding
weight vectors at p ∈ P .
2.2 The notion of G-genus.
Assume that (M2n, cτ ) is a stable complex manifold and it is given onM2n the smooth
action Γ of a compact connected Lie group G such that (M2n, cτ ,Γ) is a tangentially
stable complex G-manifold. It means that the composition
ξ
c−1τ−→ τ(M2n)⊕ R2l dg⊕I−→ τ(M2n)⊕ R2l cτ−→ ξ (5)
is a complex transformation for any g ∈ G. Using Borel construction one obtains
fibration
M2n → EG×G M2n p−→ BG .
The corresponding Gysin homomorphism
p! : U
∗(EG×G M2n)→ U∗(BG)
defines the G-genus for M2n to be an element in U∗(BG) given with
ΦG(M
2n, cτ ,Γ) = p!(1) .
Example 2.2.1. Let M2n = G/H , where G is a compact connected Lie group, H is
its closed connected subgroup and J is an invariant almost complex structure on G/H ,
see Subsection 3.1. We can take Γ to be given by the canonical action of G on G/H .
The action Γ commutes with the structure J , so it is defined ΦG(G/H, J).
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Let T k be the maximal torus in G. The action Γ restricted to T k defines the smooth
action θ of T k on M2n such that the triple (M2n, cτ , θ) is a tangentially stable com-
plex T k-manifold. Since the universal toric genus Φ(M2n, cτ , θ) is an element in
U∗(BT k) it naturally arises the question how the genera ΦG and Φ are related. We
already considered the similar question in [15] for homogeneous spaces G/H of posi-
tive Euler characteristic endowed with the canonical action of the maximal torus and a
G-equivariant stable complex structure.
Lemma 2.2.2. Let Bj∗ : U∗(BG) → U∗(BT k) be the homomorphism induced by
the embedding j : T k → G. Then
Bj∗(ΦG(M2n, cτ ,Γ)) = Φ(M2n, cτ , θ) . (6)
Proof. The embedding j : T k ⊂ G produces the commutative diagram
ET k ×Tk M2n //

EG×G M2n

BT k // BG,
what implies the statement since the Gysin homomorphism is functorial for bundles
connected by the commutative diagram.
Note that if H∗(G,Z) has no torsion, since Ω∗U has no torsion, the Atiyah-Hirzebruch
spectral sequence gives thatU∗(BG) is a freeΩ∗U -module and the natural mapU∗(BG)⊗Ω∗U
Z → H∗(BG,Z) is an isomorphism. It implies that in this case U∗(BG) is the
algebra of formal power series over the variables that correspond to the integer gen-
erators of the Weyl invariant polynomial algebra R[x1, . . . , xk]WG . Namely, recall
a classical result [3] that H∗(BG,R) ∼= R[x1, . . . xk]WG and it has k generators
P1, . . . , Pk whose degrees are given by the twice of the exponents of the group G.
Then Bj∗U∗(BG) = Ω∗U [[P1, . . . , Pk]]. Together with previous Lemma it implies:
Lemma 2.2.3. If the action θ of the torus T k on M2n can be extended to the stable
complex action of a compact connected Lie group G having T k as a maximal torus,
such that H∗(G,Z) has no torsion then the universal toric genus Φ(M2n, cτ , θ) ∈
Ω∗U [[u1, . . . , uk]] is invariant under the action of the Weyl group WG meaning that
Φ(M2n, cτ , θ) ∈ Ω∗U [[P1, . . . , Pk]] where P1, . . . Pk are the integer generators of the
Weyl invariant polynomial algebra R[u1, . . . , uk]WG .
3 The universal toric genus of homogeneous spaces
We consider compact homogeneous spaces G/H meaning that G is a compact con-
nected Lie group and H is its closed connected subgroup.
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3.1 On invariant almost complex and complex structures on homo-
geneous spaces.
In [15] we studied cobordism classes of compact homogeneous spacesG/H of positive
Euler characteristic related to the stable complex structures which are equivariant under
the natural action of the maximal torus T for H and G. We devoted special attention to
the almost complex structures which are furthermore invariant under the natural action
of the group G. Recall that an almost complex structure J on a connected manifold
M2n is given by the smooth field of endomorphisms Jx, x ∈ M2n of the tangent
bundle τ(M2n) such that for any x ∈ M2n the identity J2x = −Id is satisfied. It
follows from (1) that J is a stable complex structure as well where we take ξ = τ(M2n)
and cτ = J . An almost complex structure J on a homogeneous space G/H is said
to be invariant under the canonical action of the group G on G/H if JTg(G/H) =
g∗JTe(G/H) for any g ∈ G, where Tg(G/H) denotes the tangent space for G/H at the
point g ·H .
We refer to [4] as the seminal work where the problems of the existence and the de-
scription of invariant almost complex structures on homogeneous spaces are studied. It
is proved that:
• any such space for which subgroup H is the centralizer of an element of odd
order of the group G admits an invariant almost complex structure; example of
such space is sphere S6.
• any such space G/H for which H is the centralizer of a toral subgroup in G
admits an invariant complex structure;
• if G/H admits an invariant almost complex structure then it admits exactly 2s
invariant almost complex structures, where s is the number of irreducible sum-
mands for the isotropy representation of H at Te(G/H).
The quaternionic projective spaces HPn, n ≥ 1 provide examples of compact homo-
geneous spaces of positive Euler characteristic which admit no almost complex struc-
ture [18], [30].
Regarding the question of the existence of invariant complex structures on arbitrary
compact homogeneous spaces we recall the results from [43]. A homogeneous space
G/H of a compact Lie group G is said to be a M -space if H is the semisimple part
of the centralizer of a toral subgroup for G. Among examples of M -manifolds are
the compact simple Lie groups, the complex Stiefel manifolds, the quaternionic Stiefel
manifolds and the ordinary Stiefel manifolds of the form Vn,2k . A homogeneous space
G/H is said to be a C-space if the semisimple part of H coincides with the semisimple
part of the centralizer of a toral subgroup of G. Then in [43] it is proved:
• Any even dimensional M -space admits infinitely many non-equivalent invariant
complex structures and so does the product of two odd-dimensional ones. They
have vanishing the second Betti number and hence they are not Ka¨hler.
• Any even dimensional C-space admits an invariant complex structure.
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• Any homogeneous space which admits an invariant complex structure is home-
omorphic to some C-space.
We want to point that homogeneous spaces G/H for which rkH < rkG or what
is equivalent with saying that Euler characteristic for G/H is zero, are not interesting
from the point of view of equivariant cobordism theory. Namely, letG/H be aC-space
such that rkH < rkG and let L be the centralizer of a toral subgroup in G whose
semisimple part coincides with the semisimple part of H . Since rkL = rkG, we have
that the dimension of the center of H is strictly less than the dimension of the center of
L, what implies that there exists a toral subgroup T l, l ≥ 1 in G such that the canonical
action of T l on G/H is free. Therefore we have the existence of the circle S1 ⊆ T l
acting freely on G/H . Consider the associated disc bundle W = G/H ×S1 D2. The
boundary of W is diffeomorphic to G/H by gH → [(gH, 1)] what means that G/H
is equivariantly cobordant to zero.
3.2 Generalities.
Following [4] we shortly remind on the description of invariant almost complex struc-
tures on compact homogeneous spaces of positive Euler characteristic. Any such struc-
ture J can be identified with a complex structure on Te(G/H) which commutes with
the isotropy representation for H at Te(G/H). Denote by g, h and t the Lie algebras
for G, H and T k respectively, where k = rkG = rkH and T k is the maximal torus
for G and H . Let α1, . . . , αm be the roots for g related to t, where dimG = 2m+ k.
One can always choose these roots such that αn+1, . . . , αm give the roots for h related
to t, where dimH = 2(m − n) + k. The roots α1, . . . , αn are called the comple-
mentary roots for g related to h. Using root decomposition for g and h it follows that
Te(G/H) ∼= gCα1 ⊕ . . .⊕ gCαn , where by gαi is denoted the root subspace defined with
the root αi.
Since J is invariant under the isotropy representation for H and, thus for T k, it induces
the complex structure on each complementary root subspace gα1 , . . . , gαn . Therefore,
J can be completely described by the root system ε1α1, . . . , εnαn, where εi = ±1
depending if J and the adjoint representation AdT define the same orientation on gαi
or not, where 1 6 i 6 n. The roots ǫiαi are called the roots of the almost complex
structure J .
We consider a homogeneous space G/H with the canonical action of the maximal
torus T k and an invariant almost complex structure J . It is proved in [15] that the
weights for the canonical action of the maximal torus T k on G/H at the fixed point
w ∈ WG/WH for this action related to the structure J are given with w(ǫiαi), 1 ≤
i ≤ n. Consequently it is deduced in [15] that the universal toric genus for (G/H, J)
is given by the formula
Φ(G/H, J) =
∑
w∈WG/WH
n∏
i=1
1
[w(ǫiαi)](u)
. (7)
For the Chern-Dold character [8] of the universal toric genus for (G/H, J) it is proved
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in [15] to be given by the formula
chUΦ(G/H, J) =
∑
w∈WG/WH
n∏
i=1
f(〈w(ǫiαi),x〉)
〈w(ǫkαk),x〉 , (8)
where WG and WH are the Weyl groups for G and H , and f(x) = 1 + a1x+ a2x2 +
. . . + anx
n + . . . for ai ∈ Ω−2iU (Z). Here x denotes the first Chern class of the Hopf
line bundle over CP∞ and x = chUg(u), where g(u) is the logarithm of the formal
group in complex cobordisms [32].
Remark 3.2.1. Recall [8] that Ω∗U (Z) is the subring of Ω∗U ⊗ Q generated by the ele-
ments having integer Chern numbers. More precisely, Ω∗U (Z) =
∑
n≥0
Ω−2nU (Z) where
Ω−2nU (Z) = {a ∈ Ω2nU ⊗ Q : sωa ∈ Ω0U = Z for sω ∈ S2n} and S =
∑
n≥0
S2n is
the Landweber-Novikov algebra. It is proved in [8] that Ω∗U (Z) = Z[b1, b2, . . .], where
bn =
[CPn]
n+1 , n ≥ 1. Recall also [8] that the Chern-Dold character in complex cobor-
disms splits into the composition U∗(X) cˆhU−→ H∗(X,Ω∗U (Z)) → H∗(X,Ω∗U ⊗ Q)
and cˆhU (g(u)) = x, cˆhU (u) = g−1(x), where u = cU1 (η), x = cH1 (η) are the cobor-
dism and the cohomology first Chern classes for the Hopf line η bundle over CP∞.
The series g(u) = u +
∑
n≥1
[CPn]
n+1 u
n+1 is the logarithm of the formal group low in
complex cobordisms. For its functional inverse series it is proved in [8] to be given
by g−1(x) = x +
∑
n≥1
[M2n]
(n+1)!x
n+1 where [M
2n]
(n+1)! ∈ Ω−2nU (Z). Since cˆhUu = xf(x) =
g−1(x), it implies that f(x) = 1 + a1x+ a2x2 + . . ., where ai ∈ Ω−2iU (Z).
It follows [15] that the complex cobordism class for (G/H, J) can be obtained as the
coefficient in tn in the polynomial
∑
w∈WG/WH
n∏
i=1
f(t〈w(εiαi),x〉)
〈w(εiαi),x〉 . (9)
It is also proved in [15] that the tangential characteristic numbers sω in cobordisms for
(τ(G/H), J), where ω = (i1, . . . in) and ‖ω‖ =
n∑
j=1
jij = n, can be computed by the
following formula
sω(τ(G/H), J) =
∑
w∈WG/WH
w
(fω(t1, . . . , tn)
t1 · · · tn
)
, (10)
where tj = 〈εjαj ,x〉 and fω(t1, . . . tn) is given by the expression
n∏
i=1
f(ti) = 1 +
∑
fω(t1, . . . , tn)a
ω .
In [15] are obtained the formulae for the cobordism classes and computed some char-
acteristic numbers sω of the flag manifolds and the Grassmann manifolds related to the
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standard invariant complex structure. We generalize further these formulas to an arbi-
trary invariant almost complex structure on flag manifolds and generalized Grassmann
manifolds.
3.3 Flag manifolds U(n)/T n.
Recall that as U(n)/T n admits 2m invariant almost complex structures where m =
n(n−1)
2 , as it is totally reducible. Let J be an arbitrary invariant almost complex struc-
ture on U(n)/T n and let αij = xi − xj , 1 ≤ i < j ≤ n be the roots for U(n).
The structure J is described by its roots ǫijαij , where ǫij = ±1. The Weyl group
for U(n) is the symmetric group Sn. Using (8), in analougos way to that in [15], we
straightforwardly deduce the following statement.
Theorem 3.3.1. The Chern-Dold character of the toric genus for the flag manifold
(U(n)/T n, J) is given by the formula
chUΦ(U(n)/T
n, J) =
λ
∆n
∑
σ∈Sn
sign(σ)σ
( ∏
1≤i<j≤n
f(ǫij(xi − xj)
)
, (11)
where λ =
∏
1≤i<j≤n
ǫij , then ∆n =
∏
1≤i<j≤n
(xi − xj) and f(t) = 1 +
∑
i≥1
ait
i
, while
sign(σ) is the sign of the permutation σ.
Following [15], we simplify this formula using divided difference operator L. Re-
call [29] that L is defined by
Lxξ =
1
∆n
∑
σ∈Sn
sign(σ)σ(xξ) ,
where ξ = (j1, . . . , jn) and xξ = xj11 · · ·xjnn . We make a use of the following proper-
ties of the operator L:
• Lxδ = 1 for δ = (n− 1, n− 2, . . . , 1, 0);
• Lxξ = sign(σ)Lσ(xξ) for σ ∈ Sn;
• Lxξ = 0 for ξ = (j1 ≥ · · · jn ≥ 0) and ξ 6= δ+µ for some µ = (µ1 ≥ · · ·µn ≥
0).
Let ∏
1≤i<j≤n
f(ǫijt(xi − xj)) = 1 +
∑
|ξ|>0
Pξ(a1, . . . , an, . . .)t
|ξ|
x
ξ , (12)
where ξ = (j1, . . . , jn) and |ξ| =
n∑
q=1
jq . It follows from (11) that
chUΦ(U(n)/T
n, J) = λ ·
∑
|ξ|≥m
PξLx
ξ.
In particular, we obtain the formula for the corresponding cobordism class:
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Corollary 3.3.2.
[U(n)/T n, J ] = λ ·
∑
σ∈Sn
sign(σ)Pσ(δ)(a1, . . . , an, . . .) ,
where δ = (n− 1, n− 2, . . . , 1, 0).
Using (10) we derive that the characteristic number sm(U(n)/T n, J), where m =
n(n−1)
2 can be expressed in terms of the operator L as:
sm(U(n)/T
n, J) = λ ·
∑
1≤i<j≤n
L(ǫij(xi − xj))m . (13)
For n > 3 this will be polynomial in more then three variables, whose each monomial
contains at most two variables. Therefore, taking into account the given properties of
L we obtain :
Corollary 3.3.3.
sm(U(n)/T
n, J) = 0 for n > 3, where m = n(n− 1)
2
. (14)
In general, to describe an arbitrary sω, ω = (i1, . . . , im),
∑m
l=1 lil = m we can pro-
ceed as in [15]. For (u1, . . . , um) = (ǫij(xi − xj), i < j) we consider the orbit Oω
of the monomial (u1 · · ·ui1)(u2i1+1 · · ·u2i1+i2) · · · (umi1+···+im−1+1 · · ·umi1+···+im) un-
der the action of the symmetric group Sm. Recall that the orbit of a monomial uη is
defined by O(uη) =
∑
u
η
′
where the sum goes over the orbit {η′ = ση, σ ∈ Sm}
and uη = uη11 · · ·uηmm for η = (η1, . . . , ηm). The orbit Oω can be written as
Oω =
∑
|ξ|=m
αω,ξx
ξ ,
for αω,ξ ∈ Z. Therefore we obtain that
sω(U(n)/T
n) = λ ·
∑
|ξ|=m
αω,ξLx
ξ = λ ·
∑
σ∈Sn
sign(σ)αω,σ(δ) .
It can be also proved in the same way as it was done in [15] for the standard invariant
complex structure, that for n ≥ 4 the cobordism class of the flag manifold U(n)/T n
related to an arbitrary invariant almost complex structure J is given as the coefficient
at t
n(n−1)
2 in the series
L(f˜(tǫ12(x1 − x2))f˜ (tǫn−1n(xn−1 − xn))
∏
1≤i<j≤n
(i,j)6=(1,2),(n−1,n)
f(tǫij(xi − xj)) ,
where f˜(t) =
∑
l≥1
a2l−1t2l−1. It is the same as the coefficient at t
n(n−1)
2 in the series
ǫ12ǫn−1n
(
L(f˜(t(x1−x2))f˜(t(xn−1−xn))
∏
1≤i<j≤n
(i,j)6=(1,2),(n−1,n)
f(tǫij(xi−xj))
)
. (15)
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Example 3.3.4. Analogously to [15], using (15) we compute s(1,0,0,0,1,0)(U(4)/T 4, J) =
ǫ12ǫ3480 for an arbitrary invariant almost complex structure J . It is also easy to com-
pute
s(0,0,2,0,0,0)(U(4)/T
4, J) = ǫ12ǫ34L((x1 − x2)3(x3 − x4)3)
= 3ǫ12ǫ34L((x
3
1x3x
2
4 − x31x23x4) + (x1x22x33 − x21x2x33)+
+ (x21x2x
3
4 − x1x22x34) + (x32x23x4 − x32x3x24))
= 6ǫ12ǫ34L(x
3
1x3x
2
4 + x1x
2
2x
3
3 + x
2
1x2x
3
4 + x
3
2x3x4)
= −24ǫ12ǫ34.
The fact that the characteristic numbers s(1,0,0,0,1,0) and s(0,0,2,0,0,0) for (U(4)/T 4, J)
are nontrivial implies that the cobordism class for (U(4)/T 4, J) is multiplicatively
indecomposable in Ω∗U . Otherwise, it can be represented as the product of two factors
one of which should be multiple of a1 and the other should be from Z[a1, . . . , a5]. This
further would imply that s(0,0,2,0,0,0)(U(4)/T 4, J) = 0 what is not the case.
3.4 Generalized Grassmann manifolds
They are defined with Gq1+...+qk,q1,...,qk−1 = U(q1+ . . .+ qk)/U(q1)× . . .×U(qk),
where q1, . . . , qk ≥ 2 and k ≥ 2. In [15] we computed the cobordism classes of
the classical Grassmann manifolds Gq1+q2,q1 , q1, q2 ≥ 2, related to the unique, up to
conjugation, invariant complex structure. We push up further these results calculating
the top Chern numbers sq1q2 for Gq1+q2,q1 .
Proposition 3.4.1.
sq1q2(Gq1+q2,q1) = 0 for q1, q2 ≥ 3 . (16)
Proof. It is proved in [15] that the cobordism class for Gq1+q2,q1 is given as the coef-
ficient in tq1q2 in the polynomial
1
q1!q2!
L
(
∆q1∆q1+1,q1+q2
∏
1≤i≤q1
q1+1≤j≤q1+q2
f(t(xi − xj))
)
,
where ∆p,q =
∏
1≤i<j≤q
(xi − xj). It implies that the top Chern number sq1q2 is given
by
sq1q2(Gq1+q2,q1) =
1
q1!q2!
L
(
∆q1∆q1+1,q1+q2
∑
1≤i≤q1
q1+1≤j≤q1+q2
(xi − xj)q1q2
)
.
In order to see when this number is non-trivial, because of the properties of the operator
L, we need to consider on the right hand side only monomials having q1 + q2 − 1
variables with the degrees q1 + q2 − 1, q1 + q2 − 2, . . . , 1 in some order. Therefore
we must have a variable in such monomial which comes from ∆q1 or ∆q1+1,q1+q2 and
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whose degree is ≥ q1 + q2 − 3. The degrees of variables in the monomials ∆q1 or
∆q1+1,q1+q2 are ≤ q1 − 1, q2 − 1 respectively. It follows that q1 − 1 ≥ q1 + q2 − 3 or
q2 − 1 ≥ q1 + q2 − 3, what implies that one of q1 or q2 is equal to 2.
Remark 3.4.2. Because of Proposition 3.4.1 classical Grassmann manifolds that might
have non-trivial top Chern numbers are Gq+2,2 = U(q + 2)/U(2)× U(q). In [15] we
computed s4(G4,2) = −20. For q = 3 we obtain
s6(G5,2) =
1
12
L
(
(x1−x2)(x3−x4)(x3−x5)(x4−x5)(
5∑
i=3
(x1−xi)6+
5∑
i=3
(x2−xi)6
)
= 70 .
Let us consider now an arbitrary generalized Grassmann manifoldGq1+...+qk,q1,...qk−1 ,
where q1, . . . , qk ≥ 2 and k ≥ 2. Recall that any invariant almost complex structure
on a homogeneous space G/H is determined by its roots which can be divided into the
groups that correspond to the irreducible summands in Te(G/H) related to the isotropy
representation for H .
Lemma 3.4.3. The generalized Grassmann manifold Gq1+...+qk,q1,...qk−1 has 2
k(k−1)
2
invariant almost complex structures.
Proof. The complementary roots for U(q1 + . . .+ qk) related to U(q1)× . . .×U(qk)
are, up to sign, xi − xj , where q1 + . . . + ql−1 + 1 ≤ i ≤ q1 + . . . + ql and
q1 + . . . + ql + 1 ≤ j ≤ q1 + . . . + qk for 1 ≤ l ≤ k − 1. Therefore they can
be divided into the groups R12, . . . , R1k, . . . , R23, . . . , R2k, . . . , Rk−1k where Rij =
{xli−xlj , q1+. . . qi−1+1 ≤ li ≤ q1+. . .+qi, q1+. . .+qj−1+1 ≤ lj ≤ q1+. . .+qj}.
The sum of the root subspaces corresponding to each Rij will be invariant under
the isotropy representation for H what implies that on Gq1+...+qk,q1,...,qk−1 we have
2
k(k−1)
2 invariant almost complex structures.
Let now J be an invariant almost complex structure on Gq1+...+qk,q1,...,qk−1 . It is
defined by the roots ǫij(xi − xj), where q1 + . . .+ ql−1 + 1 ≤ i ≤ q1 + . . .+ ql and
q1 + . . .+ ql + 1 ≤ j ≤ q1 + . . .+ qk for 1 ≤ l ≤ k − 1, and ǫi ± 1. Note that for a
fixed l the corresponding ǫij are equal for q1 + . . . + qs + 1 ≤ j ≤ q1 + . . . + qs+1,
where l ≤ s ≤ k − 1.
Theorem 3.4.4. The cobordims class of the generalized Grassmann manifoldGq1+...+qk,q1,...,qk−1
related to an invariant almost complex structure J is given as the coefficient in tm,
m =
∑
1≤i<j≤k
qiqj in the series in t
λ
q1! · · · qk!L
(
∆q1×∆q1+1,q1+q2×. . .×∆q1+...qk−1+1,q1+...+qk
∏
f(tǫij(xi−xj))
)
,
(17)
where λ =
∏
ǫij and ∆p,q =
∏
p≤i<j≤q
(xi − xj).
15
Corollary 3.4.5.
sm(Gq1+...+qk,q1,...,qk−1 , J) = 0 for k ≥ 3, where m =
∑
1≤i<j≤k
qiqj . (18)
Proof. We obtain from the formula (17) that the number sm, m =
∑
1≤i<j≤k
qiqj is
given by
sm(Gq1+...+qk,q1,...,qk−1 , J) = (19)
λ
q1! · · · qk!L
(
∆q1∆q1+1,q1+q2 · · ·∆q1+...+qk−1+1,q1+...+qk(ǫij(xi − xj))m
)
,
where q1+ . . .+ql+1 ≤ i ≤ q1+ . . .+ql+1 and q1+ . . .+ql+1+1 ≤ j ≤ q1+ . . .+qk
for 0 ≤ l ≤ k − 2. If assume this number to be non-trivial, the properties of the
operator L as in the case of the proof of Proposition 3.4.1, would imply that we must
have a monomial in the right hand side of (19) in which the variable coming from
∆q1∆q1+1,q1+q2 · · ·∆q1+...+qk−1+1,q1+...+qk has degree ≥ q1 + . . . + qk − 3. Since
any such variable has degree ≤ max{q1 − 1, . . . , qk − 1} it would imply that the sum
of some k − 1 numbers among q1, . . . , qk is ≤ 2 what is impossible for k ≥ 3.
Remark 3.4.6. The top Chern numbers sn have a special role in the complex cobor-
dism theory as they determine the multiplicative generators in the complex cobordism
ring [31]. Therefore when considering homogeneous spaces equipped with an invari-
ant almost complex structure, the following questions arise to be important to consider:
compute their top Chern numbers, determine those homogeneous spaces having non-
trivial top Chern numbers and find homogeneous space of a given dimension having the
minimal non-trivial top Chern number. Related to these questions, the Grassmann and
the generalized Grassman manifolds reduce to the case Gq+2,2, as Proposition 3.4.1,
Remark 3.4.2 and Corollary 3.4.5 show. We want to point that the question of stable
complex structures on the Grassmann and the generalized Grassmann manifolds with
non-trivial top Chern numbers we consider to be open. Note that although most of the
Grassmann manifolds have trivial top Chern number, they do not fiber in the class of
homogeneous spaces. On the other hand flag manifolds fiber, but as Example 3.3.4
show they still do not have to be decomposable in the complex cobordism ring. Recall
also [15] that the top Chern number for CPn related to the standard complex structure
is n + 1 and it is minimal for n = p − 1, where p is a prime number. For example, it
is minimal for n = 1 and n = 2, but it is not minimal for n = 3. On the other hand,
as it is showed in [15], there exists on CP 3 the equivariant stable complex structure
whose top Chern number is 2 and thus minimal. Note that in the same way one can
show that CP 2n+1 for any n ≥ 0 admits equivariant stable complex structure whose
top Chern number is equal to 2, but for n ≥ 2 it is not minimal. We also want to recall
that among 6-dimensional stable complex SU -manifolds the minimal value for the top
Chern number is 6 and it is realized by S6 endowed with the invariant almost complex
structure.
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3.5 Homogeneous SU-manifolds
We say that an even-dimensional stable complex manifold (M2n, J) is a SU -manifold
if it’s first Chern class vanishes. In this paper we consider homogeneousSU -manifolds
(G/H, J) of positive Euler characteristic, meaning that J is an invariant almost com-
plex SU -structure. It follows from [4] that the total Chern class for (G/H, J) can be
obtained using root description for J . If ε1α1, . . . , εnαn are the roots for J then the
total Chern class for (G/H, J) is given by
c(G/H, J) =
n∏
i=1
(1 + εiαi).
It implies that the first Chern class is
c1(G/H, J) =
n∑
i=1
εiαi.
Therefore for (G/H, J) being a SU -manifold the roots for J satisfy the condition
n∑
i=1
εiαi = 0.
Remark 3.5.1. If we assume J to be integrable, it follows from [4] that it can be chosen
an ordering on the canonical coordinates for t such that the roots ε1α1, . . . , εnαn which
define J form the closed system of positive roots. Note that this implies that for an
integrable J a homogeneous complex manifold (G/H, J) can not be a SU -manifold.
3.5.1 Examples of symmetric and 3-symmetric SU -manifolds.
If the second Betti number for a manifold M2n is zero, then (M2n, J) is a SU -
manifold for any almost complex structure J on M2n. The list of all symmetric spaces
which admit an invariant almost complex structure, but which do not admit any in-
variant complex structure since their second Betti number is zero is given in [4]: S6,
F4/A2 × A2, E6/A2 × A2 × A2, E7/A2 × A5, E/8/A8 and E8/A2 × A6. The ex-
istence of an invariant almost complex structure on these spaces, as it is shown in [4],
follows from the fact that for any of them the stationary subgroup is the centralizer of an
element of order 3 or 5 of the group. These spaces provide examples of SU -manifolds.
If G/H is a 3-symmetric space then H is the fixed point subgroup of some automor-
phism θ of the group G of order 3. It is well known that any such space admits the
canonical almost complex structure J defined by
Θ =
1
2
Id+
√
3
2
J,
where Id is the identity transformation of T (G/H) and Θ = dθ.
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It is proved in [24] that the first Chern class that corresponds to the canonical almost
complex structure vanishes for exactly the following compact irreducible 3-symmetric
spaces of the classical Lie groups:
SU(3m)/S(U(m)× U(m)× U(m)), m > 1,
SO(3m− 1)/U(m)× SO(m− 1), m > 2,
Sp(3m− 1)/U(2m− 1)× Sp(m), m > 1.
Therefore, these spaces provide examples of homogeneous SU -manifolds.
Remark 3.5.1.2. The question of vanishing of the first Chern class for the canonical
almost complex structure on 3-symmetric spaces is considered in [24] and in a connec-
tion with the existence of Einstein metric. It is known [17] that the canonical almost
complex structure J on a 3-symmetric space is nearly Ka¨hler. From the classification of
3-symmetric spaces done in [45] it follows that the canonical almost complex structure
is not Ka¨hler only for the following these spaces: SU(n+ 1)/S(U(k)× U(m− k)×
U(n−m+1)), 1 6 k < m 6 n, SO(2n+1)/U(m)×SO(2n−2m+1), 2 6 m 6 n,
Sp(n)/U(n) × Sp(n − m), 1 6 m 6 n − 1, SO(2n)/U(m) × SO(2n − 2m),
2 6 m 6 n − 1, n > 4. As it is proved in [44] the vanishing of the first Chern class
for a nearly Ka¨hler structure that is not a Ka¨hler gives the sufficient condition for the
existence of a compatible with that structure Einstein metric. Within the nearly Ka¨hler
and not Ka¨hler 3-symmetric spaces G/H the listed ones have vanishing the first Chern
class and it gives the sufficient condition for the normal homogeneous metrics on G/H
to be Einstein. This is proved in [24] using classification of irreducible compact simply
connected 3-symmetric spaces from [45] and the results of [4].
We generalize the first series of the above 3-symmetric spaces to analogousk-symmetric
spaces [41].
Proposition 3.5.1.3. The k-symmetric space M = U(km)/(U(m)× · · · × U(m))︸ ︷︷ ︸
k
admits an invariant almost complex SU -structure for odd k.
Proof. The complementary roots for U(km) related to (U(m))k can be, up to sign, di-
vided into the groupsR12, . . . , R1k, R23, . . . , R2k, . . . , Rk−1k , whereRij = {x(i−1)m+s−
x(j−1)m+l, 1 ≤ l, s ≤ m}. The roots of an arbitrary invariant almost complex structure
J are given with ǫijRij where ǫij = ±1 can be chosen arbitrarily and 1 ≤ i < j ≤ k.
It implies that
c1(M,J) = m
km∑
i=1
(−
i−1∑
j=1
ǫji +
k∑
j=i+1
ǫij)xi.
Let J be defined by putting ǫij = (−1)i+j+1. Then
c1(M,J) = m
km∑
i=1
(−1)i+1(−
i−1∑
j=1
(−1)j +
k∑
j=i+1
(−1)j)xi = 0,
since by assumption k is odd.
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For k = 3 proceeding as in the proof of Proposition 3.5.1.3 we obtain:
Corollary 3.5.1.4. The canonical almost complex structure is unique, up to conjuga-
tion, invariant almost complex SU -structure on U(3m)/(U(m)×U(m)×U(m)) and
its roots are given with
xi − xj , 1 ≤ i ≤ m, m+ 1 ≤ j ≤ 2m,
xj − xi, 1 ≤ i ≤ m, 2m+ 1 ≤ j ≤ 3m,
xi − xj , m+ 1 ≤ i ≤ 2m, 2m+ 1 ≤ j ≤ 3m.
3.5.2 Examples of SU -flag manifolds.
Let us consider the flag manifolds U(n)/T n, n > 1. The roots of any almost complex
structure are given with εijαij , where αij = (xi − xj), 1 6 i < j 6 n, are the roots
for U(n).
Lemma 3.5.2.1. For n even the first Chern class of any invariant almost complex
structure on the flag manifold U(n)/T n is not trivial.
Proof. Note that αij = α1j − α1i for 2 6 i < j 6 n, where α12, . . . , α1n are linearly
independent. Let J be an invariant almost complex structure on U(n)/T n with roots
εijαij , 1 6 i < j 6 n. If c1(U(n)/T n, J) = 0 we would have that
∑
16i<j6n
εijαij = 0,
what can be written as
n∑
j=2
(
j−1∑
i=1
εij −
n∑
i=j+1
εji)α1j = 0.
This would imply that
j−1∑
i=1
εij −
n∑
i=j+1
εji = 0 for 2 6 j 6 n. (20)
For n even there are no choices for εij = ±1 which satisfy these relations as each of
these sums has n− 1 summands which is an odd number.
Lemma 3.5.2.2. If n is odd then the flag manifoldU(n)/T n admits an invariant almost
complex structure whose first Chern class vanishes.
Proof. Let us consider an invariant almost complex structure J defined with the roots
εijαij , 1 6 i < j 6 n, where ǫij = (−1)i+j+1. Taking into account that n is an
odd number, it checks directly that εij defined in this way satisfy equation (20), and
therefore the first Chern class for (U(n)/T n, J) is trivial.
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Definition 3.5.2.3. Flag manifoldsU(2n+1)/T 2n+1 with an invariant almost complex
SU -structure will be called SU -flag manifolds.
The similar statement is not true any more for generalized flag manifolds.
Proposition 3.5.2.4. No generalized flag manifold U(n)/(T k × U(n − k)), 1 ≤ k ≤
n− 2 admits an invariant almost complex SU -structure.
Proof. The complementary roots for U(n) related to T k × U(n− k) are given, up to
sign, with xi − xj , where 1 ≤ i ≤ k, k + 1 ≤ j ≤ n − k. If J is an invariant almost
complex structure then its roots must be invariant under the isotropy representation of
U(n− k) and thus under the action of the Weyl group WU(n−k). Therefore for a fixed
i, 1 ≤ i ≤ k all the roots for J of the form ±(xi − xj) have to be of the same sign. It
follows that xi may not vanish in the sum of the roots for J .
Remark 3.5.2.5. The result which in terms of the Koszul form gives the necessary and
the sufficient condition for a homogeneous complex space G/H to have vanishing the
first Chern class is obtained recently in [23]. Being complex a such space according
to Remark 3.5.1 is of zero Euler characteristic meaning that rkH < rkG what further
implies that it is cobordant to zero. Appealing to this result, several series of homoge-
neous spaces whose first Chern class vanishes are provided in [23]. For example among
these are the spacesM = SU(n)/(SU(n1)×· · ·×SU(nk)), where n1+ . . .+nk = n
and k is odd. They admit a free action of the torus T k−1 implying that they are null
cobordant.
3.5.3 Cobordism classes of homogeneous SU -manifolds.
Using (10) we straightforwardly obtain:
Proposition 3.5.3.1. If (G/H, J) is a homogeneous SU -manifold of positive Euler
characteristic then
s(1,0,...,0,1,0)(G/H, J) = −s(0,...,0,1)(G/H, J) = −
∑
w∈WG/WH
w
(
n∑
j=1
tnj
t1 · · · tn
)
.
Example 3.5.3.2. It is shown in [15] that the roots for the unique invariant almost
complex structure J on S6 = G2/SU(3) are α1 = x1, α2 = x2 and α3 = x3 =
−(x1 + x2). Note that (S6, J) is a SU -manifold, its cobordism class is [S6, J ] =
2(a31 − 3a1a2 + 3a3) and it is computed in [15].
Lemma 3.5.3.3. The cobordism class of a 6-dimensional homogeneous SU -manifold
(G/H, J) is given by
[G/H, J ] =
χ(G/H)
2
· [S6, J ].
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Proof. Let (G/H, J) be a 6-dimensional homogeneousSU -manifold and letα1, α2, α3
be the roots for J . The cobordism class [G/H, J ] is by (9) given as the coefficient in
the polynomial
∑
w∈WG/WH
w
(∏3
i=1(1 + a1αit+ a2α
2
i t
2 + a3α
3
i t
3)
α1α2α3
)
. (21)
Since α1 + α2 + α3 = 0 it follows that the coefficient in t3 in the polynomial
3∏
i=1
(1 +
a1αit+ a2α
2
i t
2 + a3α
3
i t
3) is
(a31 − 3a1a2 + 3a3)α1α2α3.
It follows then from (21) that
[G/H, J ] = χ(G/H)(a31 − 3a1a2 + 3a3).
As χ(G/H) is an even number together with Example 3.5.3.2 we obtain that the cobor-
dism class for any 6-dimensional homogeneous SU -manifold (G/H, J) is given with
[G/H, J ] = c · [S6, J ], where c = χ(G/H)2 .
Example 3.5.3.4. The flag manifoldU(3)/T 3 with the invariant almost complex struc-
ture Jˆ defined as in the proof of Lemma 3.5.2.2 is a homogeneousSU -space. The roots
for Jˆ are: x1 − x2,−x1 + x3, x2 − x3. Being a 6-dimensional manifold its cobordism
class is
[U(3)/T 3, Jˆ ] = 3[S6, J ].
Example 3.5.3.5. Let us consider the flag manifold U(n)/T n where n is an odd num-
ber and assume that it is endowed with the invariant almost complex structure J defined
in the proof of Lemma 3.5.2.2. The roots for J are
(−1)i+j+1(xi − xj), for 1 6 i < j 6 n. (22)
Using Theorem 3.3.1 we deduce that the cobordism class for (U(n)/T n, J) is given as
the coefficient at t
n(n−1)
2 in the polynomial
∑
σ∈Sn
σ
( ∏
16i<j6n
f((−1)i+j−1t(xi − xj))
(−1)i+j−1(xi − xj)
)
,
where f(x) = 1 + a1x + . . . + amtm for m = n(n−1)2 . Corollary 3.3.3 and Proposi-
tion 3.5.3.1 imply that
s(1,0,...,1,0)(U(n)/T
n, J) = s(0,...,0,1)(U(n)/T
n, J) = 0 for n > 3.
21
4 Rigidity of a Hirzebruch genus on homogeneous spaces
We refer to [19] and [21] as the comprehensive background for the topics related to a
Hirzebruch genus.
Let A be a torsion-free ring. Recall the notion of a Hirzebruch genus. Assume we are
given a power series
f(u) = u+
∑
k≥1
fku
k+1,
where fk ∈ A⊗Q. The formal series
n∏
i=1
ui
f(ui)
is a symmetric function in variables u1, . . . , un what implies that it can be represented
in the form Lf (σ1, . . . , σn), where σk is the k-th elementary symmetric function in
variables u1, . . . , un. The Hirzebruch genus Lf (M2n) of a stable complex manifold
M2n is defined to be the value of Lf (c1, . . . , cn) on the fundamental class [M2n],
where ci are the Chern classes of the tangent bundle for M2n. Any Hirzebruch genus
defines the ring homomorphismLf : Ω∗U → A⊗Q. The vice versa is also true: for any
ring homomorphism φ : Ω∗U → A⊗Q there exists series f(u) ∈ A⊗Q[[u]], f(0) = 0
and f ′(0) = 1 such that φ = Lf .
A Hirzebruch genus is said to be A-integer if Lf (M) ∈ A. Among the examples of
A-integer genera are the signature and the Todd genus. Without loss of generality we
assume further that A is a Q-algebra.
For any Hirzerbruch genus Lf : Ω∗U → A there is T k-equivariant extension LT
k
f :
Ω∗U :Tk → A[[u1, . . . , uk]] defined by the composition Lf ◦ Φ, where Ω∗U :Tk denotes
the cobordism classes of T k-equivariant stable complex manifolds. It follows from (2)
that
LTkf (M, cτ ) = Lf (M) +
∑
|ω|>0
Lf (Gω(M))uω.
The genus Lf is said to be T k-rigid on M if LTkf (M, cτ ) = Lf (M). If the action of
the torus T k on M has isolated fixed points the formula (4) implies that the conditions
for the Hirzebruch genus Lf to be T k-rigid can be described in terms of functional
equations in signs and weights at fixed points of the given action [13].
Proposition 4.1. For any series f over a Q-algebra A, the genus Lf is T k-rigid on
M2n if and only if the functional equation
∑
x∈Fix(M)
sign(x)
n∏
j=1
1
f(ωj(x) · u) = c (23)
is satisfied in A[[u1, . . . , uk]], for the constant c = Lf (M2n).
The genusLf is said to be T k-rigid on a given class of T k-manifoldsM if it is T k-rigid
for any manifold from the class M.
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4.1 Rigidity of the Krichever genus
Recall that the Krichever genus [28], also known as the generalized elliptic genus, is a
Hirzebruch genus defined by the power series
f(u) =
exp(µu)
B(u, v)
. (24)
Here B(u, v) is the Baker-Akhiezer function defined by
B(u, v) = B(u, v;ω1, ω2) =
σ(v − u)
σ(u)σ(v)
eζ(v)u,
where σ(u) and ζ(u) are Weierstrass sigma and zeta functions and ω1, ω2 are half-
periods for an elliptic curve Γ such that Imω2ω1 > 0. Related to the periods ω1 and ω2
the function σ(u) behaves as follows:
σ(u + 2ωk) = −e2ηk(u+ωk)σ(u), where ηk = ζ(ωk), k = 1, 2. (25)
In the case when M is the class of SU -manifolds with an equivariant circle action, it
is proved in [28] that the Krichever genus is S1-rigid on this class. Note that it implies
that the Krichever genus is G-rigid onM for any compact connected Lie groupG. One
can see it by passing to a generic circle subgroup in the maximal torus for G, see [28].
For the class of homogeneous SU -manifolds of positive Euler characteristic endowed
with the canonical T k-action we can prove that the Krichever genus is T k-rigid just
using Proposition 4.1 and the representation theory of Lie groups. It will imply that the
Krichever genus is also S1-rigid on these spaces related to the canonical S1-action.
Remark 4.1.1. For the sake of further clearness we want to point that all weights w(α)
at an arbitrary fixed point w ∈ WG/WH for the canonical action of the maximal torus
T k on G/H related to an invariant almost complex structure, are of multiplicity 1. It
follows from the well known fact that kα may not be the root for G for k 6= ±1, where
α is an arbitrary root for G.
Theorem 4.1.2. The Krichever genus is T k-rigid on homogeneous SU -manifolds of
positive Euler characteristic endowed with the canonical action of the maximal torus.
Proof. In the case of a homogeneous space with an invariant almost complex structure
the left hand side of the expression (23) for the Krichever genus obtains the form
∑
w∈WG/WH
e
(ζ(v)−µ)
n∑
j=1
w(αj ·u) n∏
j=1
σ(v − w(αj · u))
σ(v)σ(w(αj · u)) , (26)
where αj , 1 ≤ j ≤ n are the roots for J . For J being a SU -structure we have∑n
j=1 αj = 0 what implies that
∑n
j=1 w(αj · u) = 0 for any w ∈ Wg/WH and the
expression (26) becomes
∑
w∈WG/WH
n∏
j=1
σ(v − w(αj · u)
σ(w(αj · u))σ(v) .
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Choose a maximal system α1, . . . , αk of linearly independent roots for J . Then for
any k + 1 ≤ j ≤ n we have αj =
∑k
i=1 c
j
iαi, where c
j
i ∈ Z. If denote zi = αi · u,
1 ≤ i ≤ k, the above expression becomes
∑
w∈WG/WH
k∏
j=1
σ(v − w(zj))
σ(w(zj))σ(v)
n∏
j=k+1
σ(v −∑ki=1 cjiw(zi))
σ(
∑k
i=1 c
j
iw(zi))σ(v)
. (27)
Set w(zi) = yi, where 1 ≤ i ≤ k, and consider the function
p(y1, . . . , yk) =
k∏
j=1
σ(v − yj)
σ(yj))σ(v)
n∏
j=k+1
σ(v −∑ki=1 cjiyi)
σ(
∑k
i=1 c
j
iyi)σ(v)
, (28)
where
∑k
i=1 yi +
∑n
j=k+1
∑k
i=1 c
j
iyi = 0. This implies that 1 +
∑n
j=k+1 c
j
i = 0 for
1 ≤ i ≤ k. This function is two-periodic in each of variables y1, . . . , yk with periods
equal to 2ω1 and 2ω2. We prove it here for y1, using (25). We first note the following
σ(cj1(y1 + 2ωl) +
k∑
i=2
cjiyi) = −e2ηl(c
j
1(
∑k
i=1 c
j
iyi+c
j
1ωl))σ(
k∑
i=1
cjiyi),
σ(v − cj1(y1 + 2ωl)−
k∑
i=2
cjiyi) = −e2ηl(c
j
1(
∑k
i=1 c
j
iyi−v+cj1ωl))σ(v −
k∑
i=1
cjiyi),
what implies
σ(v − cj1(y1 + 2ωl)−
∑k
i=2 c
j
iyi)
σ(cj1(y1 + 2ωl) +
∑k
i=2 c
j
iyi)
= e−2c
j
1ηlv
σ(v −∑ki=1 cjiyi)
σ(
∑k
i=1 c
j
iyi)
.
In this way we obtain
p(y1 + 2ωl, . . . , yk) = e
−2ηlv σ(v − y1)
σ(y1)σ(v)
k∏
j=2
σ(v − yj)
σ(yj)σ(v)
n∏
j=k+1
e−2c
j
1ηlv
σ(
∑k
i=1 c
j
iyi − v)
σ(
∑k
i=1 c
j
iyi)σ(v)
= e−2ηl(1+
∑n
j=k+1 c
j
1)vp(y1, . . . , yk) = p(y1, . . . , yk).
It implies that the function given by (27) is two-periodic in each variable.
On the other hand formula (2) coming from topology proves that any equivariant Hirze-
bruch genus LTkf has no pole at u = 0 what implies that the function given with (27)
has no zero poles, i. e. at w(zj) = 0, 1 ≤ j ≤ n. By Remark 4.1.1 the poles for this
function are all of multiplicity 1 and, therefore, they are all at the lattice 2sω1+2mω2,
i. e. at the points w(zj) = 2sω1 + 2mω2, 1 ≤ j ≤ n, m, s ∈ Z. Being periodic in
each variable with the periods 2ω1 and 2ω2 we conclude that the function (27) has no
poles.
By the Liouville theorem [38] we obtain that the function (27) has to be a constant, what
together with Proposition 4.1 proves that the Krichever genus is T k-rigid on G/H .
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4.2 Proof based on the representation theory
The fact that the function (26) has no poles for a SU -structure can be proved directly
using representation theory. For that purpose we first prove the results which ensure
that the zero poles of the function (26) cancel in pairs for an arbitrary invariant almost
complex structure. More precisely, for any fixed point and for any weight at that fixed
point we prove the existence of an another fixed point containing this weight with an
opposite sign such that the poles of the function (28) at the given weight at these two
fixed points cancel. For the background on the root theory of Lie algebras we refer
to [36].
Proposition 4.2.1. If there exist at least two canonical coordinates of the group G
which are not canonical coordinates of the semisimple part of the subgroup H then
there exists complementary root α for G related to H such that for an arbitrary invari-
ant almost complex structure J on G/H the fixed points of the canonical action of the
maximal torus can be divided into the pairs (w, w˜) such that −w(α) is the weight at
w˜ and the weights at w and w˜ differ only by signs and the number of opposite signs is
odd. Moreover apart from w(α) all the other weights at w that have the opposite signs
at w˜ can be divided into the pairs whose sum is multiple of w(α).
Proof. Without loss of generality we may assume thatG is a simple compact Lie group,
as any compact connected Lie group can be decomposed into a locally direct product of
connected simple normal subgroups [35]. Let x1 and x2 be the canonical coordinates
for G which are not the coordinates for the semisimple part of H . For an arbitrary
fixed point w we consider the fixed point w˜ which we obtain by transposition of x1 and
x2. Note that such transposition belongs to WG/WH for any G and H . On the other
hand α = x1 − x2 will always be complementary root for G related to H and thus,
±(w(x1)−w(x2)) will be the weight for J at w, what implies that±(w(x2)−w(x1))
will be the weight for J at w˜. The other weights for J at w either do not contain w(x1),
w(x2) and on them this permutation does not reflect, either are of the form ±w(xl)±
w(xk), ±(2)w(xl), w(xl)+w(xk)+w(xi)±w(x), w(xl)+w(xk)+w(xi)+w(xj),
±(w(xi)+w(xj)+w(xl)), 12 (±x1±x2±x3±x4) depending of the type of the group
G, where l = 1, 2. We see then that under the action of the transposition of w(x1)
and w(x2) some of the remaining weights do not change while the other ones can be
divided into the pairs (of the same type, each of them containing w(x1) either w(x2))
such that at each pair we have that each weight maps to the other or each weight maps
to the opposite of the other. Therefore the weights at w and w˜ differ by odd number of
signs. It will also imply that the sum of two weights that change the signs and belong
to the same pair will be multiply of the weight ±(w(x2)− w(x1)).
Under the assumption of Proposition 4.2.1 we deduce further the following.
Corollary 4.2.2. If J is an invariant almost complex SU -structure then the number of
opposite signs at each pair of fixed points is at least three.
Proof. Since the sum of weights at each fixed point is zero, we may not have two fixed
points at which the weights differ only in one sign.
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Remark 4.2.3. By examining the Dynkin diagrams of the simple compact Lie groups
we see that if the group H is the centralizer of the torus T k such that k ≥ 3, or
H = T 2 ×H ′ , the assumption of Proposition 4.2.1 will always be satisfied.
We are able to prove the general statement:
Proposition 4.2.4. If α is a complementary root for G related to H then for an arbi-
trary invariant almost complex structure J on G/H the fixed points of the canonical
action of the maximal torus can be divided into the pairs (w, w˜) such that −w(α) is
the weight at w˜ and each weight at w˜ is either, up to sign, the weight at w either it is
the sum of some weights at w and the multiple of the weight w(α). Moreover apart
from w(α) all other weights at w that have the opposite signs at w˜ can be divided into
the pairs whose sum is multiple of α.
Proof. Again we assume that G is a simple Lie group. We have that ±α is the root
for J . Consider the element t of the Weyl group WG given by the reflection related to
the root α. As α is a complementary root this reflection belongs to WG/WH . For the
simplicity take w = e and let e˜ be the fixed point which corresponds to the reflection
t. The reflection t maps the roots for J into the weights at e˜. We provide here the
proof for α = x1 − x2, where x1 and x2 are canonical coordinates on G since it is the
common root for all simple Lie groups. For the other possibilities for α the proof goes
analogously. Here the reflection related to x1 − x2 is transposition t that interchanges
x1 and x2. We differentiate the following cases. If the root αj does not contain none of
x1 and x2, or it contains both of them with the same sign then t(αj) = αj . It for some
αj we have that t(αj) = ±αi, where i 6= j, then we also have t(αi) = ±αj . If αj does
not belong to the previous cases it implies that αj contains x1 or x2 or both of them
with different signs and t(αj) is the root forH . Therefore we have for αj the following
possibilities: ±xl±xi, ±(2)xl, xl+xi+xj ±x, xl+xi+xj +xk, ±(xl+xj +xk),
1
2 (±(x1 − x2) ± x3 ± x4) depending of the type of the group G, where l = 1, 2. We
see that in all these cases αj − t(αj) is the multiple of the root ±(x1 − x2). Arguing
as in the proof of Proposition 4.2.1 we prove the second statement.
Theorem 4.2.5. If f is the power series which defines the Krichever genus, then for
any homogeneous space G/H the function
∑
w∈WG/WH
n∏
j=1
1
f(w(αj · u)) , (29)
has no zero poles, where αj are the roots of an arbitrary invariant almost complex
structure on G/H .
Proof. The function (29) may have zero poles at the points w(zi) = 0, where zi are the
roots for the fixed invariant almost complex structure J and w ∈ WG/WH . Let us fix
some root z1 for J . We first consider the case when z1 comes from Proposition 4.2.1.
Consider the weight w(z1) at the fixed point w. According to Proposition 4.2.1 there
exists fixed point w˜ such that −w(z1) is the weight at w˜, the weights at w and w˜ may
differ only in signs and the number of opposite signs is odd. Choose an arbitrary linear
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basis w(z1), . . . ,w(zk) for the weights at w which contains w(z1). Put yi = w(zi),
1 ≤ i ≤ k, and consider the function
q(y1, . . . , yk) = pˆ(y1, . . . , yk) + pˆ(ǫ1y1, ǫ2y2, ...., ǫkyk) = (30)
p(y1, . . . , yk)e
(ζ(v)−µ)
k∑
i=1
(1+
n∑
j=k+1
cjiyi)
+p(ǫ1y1, . . . , ǫkyk)e
(ζ(v)−µ)
k∑
i=1
(ǫi+
n∑
j=k+1
ǫjc
j
iyi)
.
Here ǫi = ±1 denote the signs of yi at the fixed point w˜, then ǫ1 = −1 and
∏n
i=2 ǫi =
1, and the function p(y1, . . . , yk) is given with (28), where yj =
k∑
i=1
cjiyk, k+1 ≤ j ≤
n.
According to Proposition 4.2.1 we can divide the indexes l, 2 ≤ l ≤ n, with respect to
the weights at w into three groups as follows:
I = {l | (w˜◦w−1)(yl) = yl}, II = {{l, s} | (w˜◦w−1)(yl) = ys, (w˜◦w−1)(ys) = yl},
III = {{l, s} | (w˜ ◦ w−1)(yl) = −ys, (w˜ ◦ w−1)(ys) = −yl}. (31)
It also follows from Proposition 4.2.1 that if the pair of weights change the sign or in
the other words if {l, s} ∈ III then yl + ys = klsy1, where kls ∈ Z. It implies that
the sum of weights at the fixed point w and the sum of weights at the fixed point w˜ are
given with
ρ(y2, . . . yk) + y1 +
∑
{l,s}∈III
klsy1 and ρ(y2, . . . yn)− y1 −
∑
{l,s}∈III
klsy1,
where ρ(y2, . . . yn) =
∑
l∈I,II yl. It further gives that the function (30) can be written
as
q(y1, . . . , yk) = p(y1, . . . , yk)e
(ζ(v)−µ)(ρ(y2,...,yk)+y1+
∑
{l,s}∈III
klsy1)
+
p(ǫ1y1, . . . , ǫkyk)e
(ζ(v)−µ)(ρ(y2,...,yk)−y1−
∑
{l,s}∈III
klsy1)
.
We want to prove that q(y1, . . . , yk) has no pole y1 = 0. Consider the function
y1q(y1, . . . , yk)|y1=0 =
y1
σ(y1)
|y1=0e(ζ(v)−µ)ρ(y2,...,yk)(p(y2, . . . , yk)−p(ǫ2y2 . . . , ǫkyk)).
In order to prove that y1 = 0 is not a pole we will prove that the function p(y2, . . . , yk)−
p(ǫ2y2, . . . , ǫkyk) is the zero function. Using (31), we can write further this function
as
∏
l∈I,II
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈III
(
σ(v − yl)σ(v − ys)
(σ(v))2σ(yl)σ(ys)
− σ(v + yl)σ(v + ys)
(σ(v))2σ(yl)σ(ys)
). (32)
Since for {l, s} ∈ III we have that yl + ys is multiple of y1, it follows that ys = −yl
when putting y1 = 0. Therefore we conclude that
σ(v − yl)σ(v − ys)
(σ(v))2σ(yl)σ(ys)
− σ(v + yl)σ(v + ys)
(σ(v))2σ(yl)σ(ys)
= 0,
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what implies that (32) is the zero function.
If z1 does not satisfy Proposition 4.2.1 then for the fixed point w and the weight y1 =
w(z1) we can choose the fixed point w˜ as in Proposition 4.2.4. Then, excluding y1, we
can again divide the weights at w into four groups
I˜ = {l | (w˜◦w−1)(yl) = yl}, I˜I = {{l, s} | (w˜◦w−1)(yl) = ys, (w˜◦w−1)(ys) = yl},
˜III = {{l, s} | (w˜ ◦ w−1)(yl) = −ys, (w˜ ◦ w−1)(ys) = −yl},
˜IV = {l |(w˜ ◦ w−1)(yl) = yl + dly1, dl ∈ Z}.
Now the sum of weights at the fixed point w and the sum of weights at the fixed point
w˜ are given by
ρ(y2, . . . yk)+y1+
∑
{l,s}∈ ˜III
klsy1 and ρ(y2, . . . yn)+
∑
l∈ ˜IV
dly1−y1−
∑
{l,s}∈ ˜III
klsy1,
where ρ(y2, . . . yn) =
∑
l∈I˜,I˜I, ˜IV yl. Repeating the procedure from the previous case
we end up with the analogous of function (32) given by
∏
l∈I˜,I˜I
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈ ˜III
σ(v − yl)σ(v − ys)
(σ(v))2σ(yl)σ(ys)
∏
l∈ ˜IV
σ(v − yl)
σ(v)σ(yl)
−
∏
l∈I˜,I˜I
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈ ˜III
σ(v + yl)σ(v + ys)
(σ(v))2σ(yl)σ(ys)
)
∏
l∈ ˜IV
σ(v − yl − dly1)
σ(v)σ(yl + dly1)
.
After putting y1 = 0 we deduce as above that this function has to be the zero function.
Theorem 4.2.6. If f is the power series which defines the Krichever genus, then for
any homogeneous space G/H the function
∑
w∈WG/WH
n∏
j=1
1
f(w(αj · u)) , (33)
has no poles, where αj are the roots of an arbitrary invariant almost complex SU -
structure on G/H .
Proof. We can proceed as in the proof of Theorem 4.1.2 and prove that the func-
tion (33) is periodic for a SU -structure what together with Theorem 4.2.5 gives that
it has no poles. We provide here the direct proof not appealing to the periodicity but
following the proof of Theorem 4.2.5. The function (33) may have poles at the points
w(zi) = 2sω1 + 2mω2. where zi are the roots for the fixed invariant almost complex
SU -structure J and w ∈ WG/WH . Recall that by Remark 4.1.1, multiplicity of each
pole is 1. We prove here that the function (33) does not have a pole at w(zi) = 2ω1.
The general case goes analogously. Fix the weight w(z1) and consider first consider
the case when it comes from Proposition 4.2.1. Since J is a SU -structure it follows
28
that
∑n
i=1 w(zi) = 0 for any w ∈ WG/WH what implies that the function (30) is
given by
q(y1, . . . , yk) = p(y1, . . . , yk) + p(ǫ1y1, . . . , ǫkyk).
We want to prove that this function has no pole at y1 = 2ω1 and therefore we consider
the function
1− y12ω1
σ(y1)
σ(y1)(p(y1, . . . , yk)− p(y1, ǫ2y2, . . . ǫkyk))|y1=2ω1
and prove that its non-fractal part equals zero. Now we have that
σ(2ω1)p(2ω1, y2, . . . , yk) =
σ(v − 2ω1)
σ(v)
∏
l∈I,II
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈III
σ(v − yl)σ(v − ys)
(σ(v))2σ(yl)σ(ys)
.
(34)
Since for {l, s} ∈ III we have that yl+ys = 2klsω1 when y1 = 2ω1, it further implies
that (34) is equal to
e
−2η1(1+
∑
{l,s}∈III
kls)v ∏
l∈I,II
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈III
σ(v − yl)σ(v + yl)
(σ(v))2(σ(yl))2
.
In the same way we obtain that σ(2ω1)p(−2ω1, ǫ2y2, . . . , ǫkyk) is equal to
e
2η1(1+
∑
{l,s}∈III
kls)v ∏
l∈I,II
σ(v − yl)
σ(v)σ(l)
∏
{l,s}∈III
σ(v + yl)σ(v − yl)
(σ(v))2(σ(yl))2
.
The assumption on the structure J to be a SU -structure implies that 1+
∑
{l,s}∈III kls =
0, what proves that y1 = 2ω1 is not the pole. In the case when w(z1) does not come
from Proposition 4.2.1 we apply Proposition 4.2.4 and follow the same pattern.
Example 4.2.7. Theorem 4.1.2 is not true without assumption on invariant almost com-
plex structure to be a SU -structure. In order to see that, let us consider U(3)/T 3 with
the canonical complex structure and the canonical action of the torus T 2. This action
has six fixed points with the weightsw(α1),w(α2),w(α3), whereα1 = (1,−1, 0), α2 =
(1, 0,−1), α3 = (0, 1,−1) and w ∈ S3. Denote w(αi · u) = w(u¯i), for 1 ≤ i ≤ 3.
Then the expression (23) becomes
∑
w∈S3
B(w(u¯1), v)B(w(u¯2), v)B(w(u¯3), v)
eµ(w(u¯1)+w(u¯2)+w(u¯3))
, (35)
being for u¯1 = u¯3 = v equal to
ψ(v) = −σ(2v)σ(3v)e
(ζ(v)−µ)4v
(σ(v))5
,
while for u¯1 = u¯2 = v + 2ωk it is equal to
ψ(v) · e(2ηk(−6v+3ωk)−6ωk(µ−ζ(v))).
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Therefore, it follows that (35) can not be a constant what implies that the Krichever
genus is not T 2-rigid for the canonical complex structure on U(3)/T 3. Note that at the
same time U(3)/T 3 admits an invariant almost complex SU -structure for which the
Krichever genus will be T 2-rigid.
Example 4.2.8. We demonstrate in the case of CP 2 how the zero poles in the function
from Theorem 4.2.5 cancel. We take the fixed point 123. The zero pole at 123 given
by the weight x1 − x2 is canceled with the zero pole given by the weight x2 − x1 at
213. The zero pole at 123 given by x1−x3 may not be canceled using the point 213 as
it is not the weight at this point. It is canceled with the zero pole given by the weight
x3 − x1 at 321. Now the zero pole at 213 given by x2 − x3 is canceled with the zero
pole at 321 given by x3 − x1.
Example 4.2.9. Theorem 4.2.6 is not true without assumption on the structure J to be
a SU -structure. We show it by proving that the pole for CP 2 in the function (33) at
the point x1 − x2 = 2ω1 does not cancel. It is the pole at the fixed points 123 and 213.
Therefore we put z1 = x1 − x2, z2 = x1 − x3 and consider the function in z2 given
with
e(ζ(v)−µ)(2ω1+z2)
σ(v − 2ω1)σ(v − z2)
σ(z2)(σ(v))2
−e(ζ(v)−µ)(−4ω1+z2)σ(v + 2ω1)σ(v − z2 + 2ω1)
(σ(v))2σ(z2 − 2ω1) ,
which transforms to the function
σ(v − z2)
σ(v)σ(z2)
(−e((ζ(v)−µ)(2ω1+z2)+2η1(−v+ω1)) + e((ζ(v)−µ)(−4ω1+z2)+2η1(2v+ω1)))
not always being identically equal to zero.
Remark 4.2.10. Let S1 ⊆ T k be a regular subgroup of the maximal torus T k of a
homogeneous space G/H equipped with an invariant almost complex structure J . Re-
call [1] that regularity of S1 means that T k is the unique maximal torus in G that
contains S1. We can consider S1-action on G/H induced from the canonical action
of T k. The weights for this action and each fixed point w ∈ WG/WH are given by its
rotation numbers ρi(w), see proof of Theorem 5.1 below. If J is a SU -structure it will
follow that
∑
ρi(w) = 0 for any w ∈ WG/WH . It means that any such S1 action will
be of the zero type as it is defined in [28].
Remark 4.2.11. It is proved in [28] that the Krichever genus vanishes on SU -spaces
with the given S1-actions whose type is not zero. We illustrate here that the assumption
on the type is essential. For f given by (24), it follows from Example 3.5.3.2 that
LTkf (S6, J) =
σ(v + u1)σ(v + u2)σ(v − u1 − u2)− σ(v − u1)σ(v − u2)σ(v + u1 + u2)
σ(u1)σ(u2)σ(u1 + u2)
which checks directly not to be equal to zero. Therefore Theorem 4.2.5 gives that
Lf (S6, J) = LT 2f (S6, J) 6= 0.
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4.3 Rigidity of the elliptic genus of level N
We define the elliptic genus of level N following [28]. On an elliptic curve Γ fix the
points vmn of order N :
vsm =
2s
N
ω1 +
2m
N
ω2, s,m = 0, 1, . . . , N − 1,
and for ηl = ζ(ωl), l = 1, 2, put
µsm = −2s
N
η1 − 2m
N
η2 + ζ(vsm).
Definition 4.3.1. The elliptic genus of level N is a Hirzebruch genus defined by the
series
fsm(u) =
exp(µsmu)
B(u, vsm)
. (36)
Remark 4.3.2. As it is pointed in [28] function fsm generates the elliptic genus of level
N defined in [20].
It is proved in [20] that the elliptic genus of level N is S1-rigid on S1-equivariant
(stable) complex manifold whose first Chern class is divisible by N .
Theorem 4.3.3. The elliptic genus of level N is T k-rigid on homogeneous spaces of
positive Euler characteristic endowed with the canonical action of the maximal torus
T k and with an invariant almost complex structure whose sum of roots is divisible by
N .
Proof. Let J be an invariant almost complex structure on G/H with roots αj , 1 ≤ j ≤
n. Then c1(G/H, J) =
n∑
j=1
αj . We want to apply Proposition 4.1, thus put zj = αj ·u
and analogously to the proof of Theorem 4.1.2 consider the function
∑
w∈WG/WH
e(ζ(vsm)−µsm)w(c1(G/H,J))
k∏
j=1
σ(vsm − w(zj))
σ(w(zj))σ(vsm)
n∏
j=k+1
σ(vsm −
∑k
i=1 c
j
iw(zi))
σ(
∑k
i=1 c
j
iw(zi))σ(v)
.
(37)
We put yi = w(zi), 1 ≤ i ≤ k and prove that the function
pˆ(y1, . . . , yk) = e
(ζ(vsm)−µsm)c1(G/H,J)p(y1, . . . , yk)
is two-periodic in each variable, where
p(y1, . . . , yk) =
k∏
i=1
σ(vsm − yi)
σ(yi)σ(vsm)
n∏
j=k+1
σ(vsm −
∑k
i=1 c
j
iyi)
σ(
∑k
i=1 c
j
iyi)σ(vsm)
.
If we fix y1 we obtain as in the proof of Theorem 4.1.2 that p(y1 + 2ωl, . . . , yk) =
e−2ηl(1+
∑n
j=k+1 c
j
1)vsmp(y1, . . . , yk), what gives that
pˆ(y1 + 2ω1, . . . , yk) = e
4c11m(ω1η2−η1ω2)pˆ(y1, . . . , yk),
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where c11 = 1N (1 +
n∑
j=k+1
cj1) is an integer number as the first Chern class here is
divisible by N . Since η2 = ω2ω1 η1 − πi2ω1 we have that η2ω1 − η1ω2 = −πi2 what
implies that pˆ is periodic with the period 2ω1. In the same way we prove that it is
periodic with the period 2ω2, what implies that the function (37) is two-periodic. Since
no equivariant Hirzebruch genus has zero pole, we have that the function (37) has no
zero poles as well. By Remark 4.1.1 all the poles for function (37) are of multpilicity
1. Therefore it only may have the other poles at the points of the lattice 2sω1 + 2mω2
for s,m ∈ Z, what is impossible because of its periodicity. Thus, by the Liouville
theorem, the function (37) has to be a constant.
Remark 4.3.4. In this context one can consider the problem to describe all invariant
almost complex structures on a homogeneous space G/H whose first Chern class is
divisible by some N > 1. This can be also looked at as the problem of representation
theory as any invariant almost complex structure is determined by its roots. The nec-
essary condition for the existence of a such structure is the existence of the T k-rigid
elliptic genus of level N on G/H , what is on the other hand topological problem.
Example 4.3.5. It is proved in [25] that generalized flag manifolds Fn = U(n +
2)/(U(1)× U(1)× U(n)) has two invariant almost complex structures J1 and J2 for
which the first Chern class is divisible by n− 1 and n+ 1 respectively . Therefore the
elliptic genus of level n − 1 will be T n+2-rigid on (Fn, J1) and the elliptic genus of
level n+ 1 is T n+2-rigid on (Fn, J2).
4.4 A Hirzebruch genus of an odd series
We prove here that the Hirzebruch genus Lf defined by an odd power series f is T k-
rigid and equal to zero on a large class of homogeneous spaces, being a stronger result
than T k-rigidity. Using Proposition 4.1 we first note that genus Lf is T 2-rigid and
trivial on the sphere S6.
Example 4.4.1. Consider the canonical action of the torus T 2 on S6 endowed with
SU(3)-invariant almost complex structure. It follows from Example 3.5.3.2 that for an
odd series f the left hand side of the functional equation (23) is equal to zero, what
gives that the genus Lf is T 2-rigid on S6.
In the case of the flag manifolds the following consequence of Proposition 4.2.1 will
be crucial.
Proposition 4.4.2. Let J be an invariant almost complex structure on the flag manifold
U(n)/T n. The fixed points for the canonical action of the maximal torus on U(n)/T n
can be divided into the pairs such that at each pair the weights for this action related
to the structure J differ in odd number of signs.
Proof. For the sake of clearness we provide the proof. Let J be an invariant almost
complex structure on U(n)/T n. Its roots are ǫijαij , where αij = xi − xj , 1 ≤ i <
j ≤ n and ǫij = ±1. The set of fixed points is given by the symmetric group Sn.
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Therefore at the fixed point w = i1 . . . in ∈ Sn the weights ωj(w) for the action of T n
related to J are obtained by the action of the permutation w on the roots for J :
ǫ12(xi1−xi2), . . . , ǫ1n(xi1−xin), ǫ23(xi2−xi3) . . . , ǫ2n(xi2−xin), . . . , ǫn−1n(xin−1−xin).
Thus, the weights at the fixed point w˜ = i2i1i3 . . . in are given with:
ǫ12(xi2−xi1), . . . , ǫ1n(xi2−xin), ǫ23(xi1−xi3), . . . ǫ2n(xi1−xin), . . . , ǫn−1n(xin−1−xin).
It follows that the weights at fixed points w and w˜ differ in the sign for xi1 −xi2 , while
ǫ1k(xi1 − xik ) and ǫ2k(xi2 − xik) change the sign equally. It implies that the number
of weights with the opposite signs is odd.
Theorem 4.4.3. The genusLf is T n-rigid and equal to zero on flag manifoldsU(n)/T n
endowed with an arbitrary invariant almost complex structure for any odd series f .
Proof. Proposition 4.4.2 implies that, for an odd function f and for each pair (w, w˜)
of the fixed points, we have
m∏
j=1
1
f(ωj(w) · u) +
m∏
j=1
1
f(ωj(w˜) · u) = 0.
Since J is an almost complex structure, all fixed points have sign +1, what gives that
the rigidity equation (23) is satisfied for c = 0.
Recall the following well known facts.
Remark 4.4.4. The classical result of Hirzebruch [19] states that the signature of a 2n-
dimensional manifold which is defined to be the signature of the intersection form of
its cohomology algebra for even n, while it is equal to zero for odd n, coincides with
the L-genus of a manifold. This is further defined by an odd series f(u) = tanh(u).
Note that being invariant of an oriented cobordism class, the signature does not depend
on the chosen stable complex structure on manifold, up to the orientation the chosen
structure induces. Another important example is the Aˆ-genus which is defined by an
odd series f(u) = 2sinh(u2 ).
Remark 4.4.5. The elliptic genus, first appeared in [34], is a Hirzebruch genus defined
by the requirement that it vanishes on the manifolds of the form CP (ξ), where ξ is an
even-dimensional complex vector bundle over a closed oriented base. It is completely
characterized by the condition that its logarithm g(x) is given by an integral g(x) =∫ x
0
dt√
1−2δt2+ǫt4 . For A = C and δ
2 6= ǫ 6= 0 the inverse function f(u) = g−1(x) is an
odd elliptic function. For δ = ǫ = 0 the degenerate elliptic genus gives the signature,
while for δ = −18 and ǫ = 0 it gives Aˆ-genus.
Then Example 4.4.1 and Proposition 4.4.3 implies:
Example 4.4.6. Both thw Aˆ-genus as well as the elliptic genus are trivial on S6 en-
dowed with the T 2-invariant almost complex structure.
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Corollary 4.4.7. The signature, the Aˆ-genus and the elliptic genus of the flag manifold
U(n)/T n endowed with an arbitrary invariant almost complex structure are equal to
zero.
Remark 4.4.8. Note that in the same time the cobordism class of the flag manifold
U(n)/T n is non-trivial for an arbitrary invariant almost complex structure.
Remark 4.4.9. It follows from Theorem 4.4.3 and Proposition 3.5.2.1 that flag mani-
folds U(n)/T n for even n, provide examples of manifolds for which any Hirzebruch
genusLf defined by an odd series is T n-rigid and equal to zero related to any invariant
almost complex structure. Note that none of these structures is a SU -structure.
Example 4.4.10. The fact that f is an odd power series is essential. Namely, take
f(u) = u1+u3 and M = U(3)/T
3
. The direct computation gives that
∑
w∈S3
3∏
j=1
1
f(ωj(w) · u) = 2 ·
(u1 − u2)3 − (u1 − u3)3 + (u2 − u3)3
(u1 − u2)(u1 − u3)(u2 − u3) ,
what is not identically equal to a constant.
In the same way as for the flag manifolds we prove:
Theorem 4.4.11. Assume that G/H satisfies the assumptions of Proposition 4.2.1.
Then for an odd series f the genus Lf is T k-rigid and equal to zero on G/H endowed
with an arbitrary invariant almost complex structure.
We extend this result to some k-symmetric spaces:
Proposition 4.4.12. For an oddm any Hirzebruch genusLf defined by an odd series f
is T km-rigid and equal to zero on the k-symmetric spaceU(km)/U(m)× · · · × U(m)︸ ︷︷ ︸
k
endowed with an arbitrary invariant almost complex structure.
Proof. The roots for an invariant almost complex structure J are, following the proof
of Proposition 3.5.1.3, given by ǫijRij , 1 ≤ i < j ≤ k. The fixed point set for the
canonical T km-action is Skm/(Sm)k, where Sn denotes the symmetric group. We
divide the fixed points into the pairs in the following way. To the fixed point given by
the permutation w = i1 . . . imim+1 . . . i(k−1)mi(k−1)m+1 . . . ikm we assign the fixed
point given by the permutation w˜ = i(k−1)m+1 . . . ikmim+1 . . . i(k−1)mi1 . . . im. The
weights at the fixed points w and w˜ differ only by signs and those with opposite signs
are ǫ1kRw(1)w(k) and, some of ǫ1jRw(1)w(j), 2 ≤ j ≤ k−1 and ǫjkRw(j)w(k), 2 ≤ j ≤
k− 1. Note that the roots from ǫ1jRw(1)w(j) and ǫjkRw(j)w(k) change signs equally. It
follows from Proposition 3.5.1.3 that the weights at the fixed points w and w˜ differ in
m2 + 2lm2 signs for 0 ≤ l ≤ k − 2. Since m is odd it implies that
n∏
j=1
1
f(ωj(w) · u) +
n∏
j=1
1
f(ωj(w˜) · u) = 0 ,
where n = k(k−1)m
2
2 . Thus the equation (23) is satisfied.
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Example 4.4.13. The statement on rigidity in Proposition 4.4.12 is not valid for even
m. To verify that consider the GrassmannianG4,2. It has two invariant almost complex
structures, J and its conjugate. The roots for J are x1− x3, x1− x4, x2− x3, x2− x4,
the action of T 4 on G4,2 has 6 fixed points given by the quotient S4/S2 × S2. For an
odd series given with f(u) = u1+u2 we have that expression (23) in the case of G4,2 is
given by
2 · ( (1 + (u1 − u3)
2)(1 + (u1 − u4)2)(1 + (u2 − u3)2)(1 + (u2 − u4)2)
(u1 − u3)(u1 − u4)(u2 − u3)(u2 − u4) +
(1 + (u1 − u2)2)(1 + (u1 − u4)2)(1 + (u2 − u3)2)(1 + (u3 − u4)2)
(u1 − u2)(u1 − u4)(u3 − u2)(u3 − u4) +
(1 + (u1 − u2)2)(1 + (u1 − u3)2)(1 + (u2 − u4)2)(1 + (u3 − u4)2)
(u1 − u2)(u1 − u3)(u2 − u4)(u3 − u4) ).
This can not be a constant since the direct computation shows that for u1 = 3, u2 =
2, u3 = 1, u4 = 0 it takes the value 80 while for u1 = 4, u2 = 2, u3 = 1, u4 = 0 it
takes the value 140.
The relations between the weights and the signs for two different stable complex struc-
tures, equivariant for the same torus action, are described in [15]. As a consequence
we are able to establish the relation between the corresponding values of an equivariant
Hirzebruch genus given by an odd power series.
Theorem 4.4.14. Assume that manifold M with the given action θ of the torus T k
admits θ-equivariant stable complex structures cτ and c
′
τ . Then
LTkf (Φ(M, θ, cτ )) = LT
k
f (Φ(M, θ, c
′
τ )), (38)
for any odd power series f .
Proof. Assume that the weights for the action θ related to the structure cτ at the point
x ∈ Fix(M) are given by the integer vector Λi(x), 1 ≤ i ≤ n, dimM = 2n. It
follows from [15] that the weights and the signs for θ at x ∈ Fix(M) related to c′τ
are Λ
′
i(x) = ǫi(x)Λi(x) and sign(x)
′
= ǫ ·
n∏
i=1
ǫi(x) · sign(x) where ǫ, ǫi(x) = ±1
and sign(x) is the sign at x related to cτ . Therefore, since f is an odd power series we
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obtain from Theorem 2.1.1 that:
LTkf (Φ(M, θ, c
′
τ )) = ǫ ·
∑
x∈Fix(M)
n∏
i=1
ǫi(x) · sign(x)
n∏
i=1
1
f(ǫi(x)Λi(x) · u) =
ǫ
∑
x∈Fix(M)
n∏
i=1
ǫi(x) · sign(x)
n∏
i=1
ǫi(x)
1
f(Λi(x) · u) =
ǫ
∑
x∈Fix(M)
n∏
i=1
ǫi(x) · sign(x)
n∏
i=1
ǫi(x)
n∏
i=1
1
f(Λi(x) · u) =
ǫ
∑
x∈Fix(M)
sign(x)
n∏
i=1
1
f(Λi(x) · u) = L
Tk
f (Φ(M, θ, cτ )).
Corollary 4.4.15. The Hirzebruch genus Lf given by an odd power series f is T k-
rigid on (M, θ, cτ ) if and only if it is T k-rigid on (M, θ, cτ ′), where cτ and c′τ are θ
-equivariant stable complex structures.
Corollary 4.4.16. Any Hirzebruch genus Lf defined by an odd series f is
• T n-rigid and equal to zero onU(n)/T n endowed with an arbitrary T n-equivariant
stable complex structure.
• T km-rigid and equal to zero on U(km)/(U(m))k endowed with an arbitrary
T km-equivariant stable complex structure for odd m.
Corollary 4.4.17. The elliptic genus and the Aˆ-genus are equal to zero on;
• U(n)/T n related to an arbitrary T n-equivariant stable complex structure.
• U(km)/(U(m))k related to an arbitrary T km-equivariant stable complex struc-
ture for odd m.
5 The Hirzebruch χy - genus of homogeneous spaces
The Hirzebruch χy - genus is defined [21] by the series
fy(u) =
u(1 + ye−u(1+y))
1− e−u(1+y) .
It is well known that the χy - genus for y = 0 gives the Todd genus, while for y = 1 it
gives the signature.
In this Section we deduce the formula for the χy - genus of a homogeneous spaceG/H
of positive Euler characteristic endowed with an arbitrary stable complex structure cτ
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equivariant under the canonical action of the maximal torus assuming thatG/H admits
an invariant almost complex structure J .
Let α1, . . . αn be the roots that define an invariant almost complex structure J . The
weights at the fixed point w for the canonical action of the maximal torus T k related
to cτ are given with ǫ1(w)w(α1), . . . , ǫn(w)w(αn), where ǫi(w) = ±1 for 1 ≤ i ≤ n,
while the signs are given with sign(w) = ǫ ·
n∏
i=1
ǫi(w), where ǫ = ±1 depending on
whether or not J and cτ define the same orientation on τ(M2n).
Let x1, . . . , xk be the canonical coordinates on the Lie algebra t for T k that correspond
to the group G and let µ be an arbitrary ordering on these coordinates. Denote by
indµ(w) the number of negative roots among ǫ1(w)w(α1), . . . , ǫn(w)w(αn) related to
the ordering µ. Following terminology of [12] we call this number the index of the
fixed point w related to the stable complex structure cτ and the ordering µ.
Appealing to the results from [2] and the Lie theory we deduce the formula for the
Hirzebruch χy - genus of homogeneous spaces under consideration.
Theorem 5.1. LetG/H be a compact homogeneous space of positive Euler character-
istic endowed with the stable complex structure cτ that is equivariant under the canon-
ical action of the maximal torus T k. Then the Hirzebruch χy - genus for (G/H, cτ ) is
given by the following formula:
χy(G/H, cτ ) = ǫ ·
∑
w∈WG/WH
(−y)indµw
n∏
i=1
ǫi(w). (39)
Proof. We first recall that the Atiyah-Hirzebruch formula [2] states that the Hirzebruch
χy - genus of a stable complex manifold M2n with an action of S1 can be computed
as
χy(M
2n) =
∑
i
(−y)n(Fi)χy(Fi),
where the sum goes over all S1-fixed submanifolds Fi ⊂ M2n, and n(Fi) denotes the
number of negative weights of the representation for S1 in the normal bundle for Fi in
M2n.
Let S1 be a regular one-parameter subgroup in T k. It is known, see for example [22],
that the fixed point set for the canonical action of S1 on G/H coincide with the fixed
point set for the canonical action of T k. Therefore all fixed points for the given S1-
action are isolated and given by the elements fromWG/WH . Therefore the fixed points
w ∈ WG/WH correspond in our case to the manifolds Fi from Atiyah-Hirzebruch
formula. It implies that χy(Fi) = χy(w) = sign(w).
We have further that Tw(G/H) = gCa1(w)w(α1)⊕ . . .⊕gCan(w)w(αn), wherew ∈WG/WH .
The inclusion S1 ⊂ T k is given by the vector v ∈ Zk and the induced representation
of S1 in Tw(G/H) is given by the rotation in each root subspace gw(αi) with rotation
numbers equal to ρi(w) = 〈ǫi(w)w(αi), v〉, 1 ≤ i ≤ n. Note that, since we assume S1
to be regular, the numbers ρi(w) are non zero for w ∈WG/WH and 1 6 i 6 n. There-
fore the number n(w) of negative weights of the representation for S1 in Tw(G/H) is
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equal to the number of negative rotation numbers ρi(w), 1 6 i 6 n. In this way the
Atiyah-Hirzebruch formula gives that
χy(G/H, cτ ) =
∑
w∈WG/WH
(−y)n(w)sign(w).
Taking into account the expression for the sign(w) we can write this formula as
χy(G/H, cτ ) = ǫ ·
∑
w∈WG/WH
(−y)n(w)
n∏
i=1
ǫi(w). (40)
Choose an arbitrary Weyl chamber B on the Lie algebra t for T k. It is a non empty
subset of t defined with B = {v ∈ t | 〈ǫαα, v〉 > 0 for α ∈ Σ and ǫα = ±1},
where Σ denotes the root system for G related to T k. The positive roots of the group G
related to this Weyl chamber uniquely define an orderingµ on the canonical coordinates
x1, . . . , xk on t. The vice versa is obviously also trough: each orderingµ on x1, . . . , xk
uniquely define the Weyl chamber and the corresponding system of positive roots.
Let us consider one parameter subgroup S1 ⊂ T k given by the vector v ∈ B such that
v 6= 0. This subgroup is regular as 〈ǫαα, v〉 > 0 for any α ∈ Σ and some ǫα = ±1.
It also implies that the number n(w) of negative weights ρi(w), 1 6 i 6 n of the
representation for S1 in Tw(G/H) will be in this case equal to the number of negative
roots among ǫ1(w)w(α1), . . . , ǫn(w)w(αn) related to the Weyl chamber B. In other
words it is the number of negative roots between ǫ1(w)w(α1), . . . , ǫn(w)w(αn) related
to the ordering µ defined by the Weyl chamber B. We denote this number further by
indµ(w). Using (40) we obtain the desired formula for the Hirzebruch χy - genus for
(G/H, cτ ):
χy(G/H, cτ ) = ǫ ·
∑
w∈WG/WH
(−y)indµw
n∏
i=1
ǫi(w). (41)
Remark 5.2. Theorem 5.1 proves that the Hirzebruch χy - genus of a homogeneous
space of consideration can be described only in terms of the representation theory of
Lie groups. We want to note that the motivation for our theorem comes from [37] where
it is proved that the Hirzebruch χy - genus of a quasitoric manifold can be expressed
in terms of combinatorial data [12] of a manifold. More precisely, in [37] it is obtained
the formula which computes the Hirzebruch χy - genus of a quasitoric manifold in
terms of signs and indexes of the vertices for the simple polytope, which corresponds
to the orbit space of the torus action on a manifold.
We can rewrite the expression for χ(G/H, cτ ) in the following way. Denote by si(w)
the sign for w(αi), 1 6 i 6 n regarding to the ordering µ. Then the sign for the root
ǫi(w)w(αi) is ǫi(w)si(w). It gives that
indµw =
1
2
n∑
i=1
(1− ǫi(w)si(w)),
what implies the following statement.
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Proposition 5.3. The Hirzebruch χy - genus for (G/H, cτ ) is given by
χy(G/H, cτ ) = ǫ ·
∑
w∈WG/WH
(−y)
1
2
n∑
i=1
(1−ǫi(w)si(w)) ·
n∏
i=1
ǫi(w). (42)
Using this expression for the Hirzebruch χy - genus we obtain that the Todd genus can
be described as follows.
Corollary 5.4. The Todd genus for (G/H, cτ ) is given by
Td(G/H, cτ ) = ǫ ·
∑
w∈WG/WH
ǫi(w)=si(w),1≤i≤n
n∏
i=1
si(w). (43)
if the set {w ∈ WG/WH ; ǫi(w) = si(w) for all 1 ≤ i ≤ n} is nonempty. If this set is
empty then
Td(G/H, cτ ) = 0.
Proof. The Hirzebruch χy - genus for y = 0 gives the Todd genus. Therefore the
formula (39) implies that
Td(G/H, cτ) = ǫ ·
∑
w∈WG/WH
indµw=0
n∏
i=1
ǫi(w). (44)
Note that we take into account that an indeterminacy 00 in (39) is resolved by setting
00 = 1. The description for indµw implies that it is equal to zero if and only if
1− ǫi(w)si(w) = 0 for 1 ≤ i ≤ n,
what is equivalent to
ǫi(w) = si(w) for 1 ≤ i ≤ n.
This proves the statement.
The Hirzebruch χy - genus for y = 1 gives the signature or the L-genus for G/H .
Then formula (42) gives the following expression for the signature for G/H .
Corollary 5.5.
sign(G/H) = ǫ ·
∑
w∈WG/WH
(−1)indµ(w) ·
n∏
i=1
ǫi(w), (45)
where µ(w) = 12
∑n
i=1(1− ǫi(w)si(w)).
Remark 5.6. Formula (45) can be also deduced from the general formula for the signa-
ture of a homogeneous space of positive Euler characteristic which is obtained in [22].It
can be done applying the same argument as in the second part of the proof of Theo-
rem 5.1.
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5.1 The case of an invariant almost complex structure.
For an invariant almost complex structure J we have that ǫ = 1 and ǫi(w) = 1 for all
1 ≤ i ≤ n. Therefore (42) implies
Corollary 5.1.1.
χy(G/H, J) =
∑
w∈WG/WH
(−y) 12
∑n
i=1(1−si(w)). (46)
Using (45) we obtain the formula for the signature for G/H .
Corollary 5.1.2.
sign(G/H) =
∑
w∈WG/WH
(−1)indµ(w),
where indµ(w) = 12
∑n
i=1(1− si(w)).
Example 5.1.3. It follows from Proposition 4.4.2 that for flag manifolds U(n)/T n the
fixed points for the canonical action of T n can be divided into the pairs (w, w˜) such
that for an arbitrary invariant almost complex structure indµ(w˜) = indµ(w)± 2l ± 1,
for l ≥ 0. Together with Corollary 5.1.2 this provides one more proof that the signature
of the flag manifolds vanishes.
Example 5.1.4. Consider the Grassmann manifoldG4,2. Take the ordering x1 > x2 >
x3 > x4 on the canonical coordinates for the Lie algebra of the maximal torus T 4. The
roots for the invariant complex structure are: x1−x3, x1−x4, x2−x3, x2−x4 and the
weights at the fixed point are given by the action of S4/S2×S2 on these roots. It implies
that the indexes of fixeds point are: ind(1234) = 0, ind(3214) = 2, ind(4213) =
3, ind(1324) = 1, ind(1432) = 2, ind(3412) = 4. Then Corollary 5.1.2 implies that
sign(G4,2) = 2. In the same way we obtain that sign(G6,2,2) = 6. Recall that the
signature of GrassmanniansGn,k is explicitly computed in [39], while in [22] and [40],
among the other examples, the signature of compact symmetric spaces is computed .
For the Todd genus for (G/H, J) we deduce from (46) that it is equal to the number of
those fixed points w for which all roots w(αi), 1 6 i 6 n are positive:
Td(G/H, J) = ‖{w ∈WG/WH | si(w) = 1 for all 1 ≤ i ≤ k}‖. (47)
We can elaborate this further. We use the following criterion for integrability of an
invariant almost complex structure on G/H proved in [4].
Proposition 5.1.5. Let θ be a system of positive roots for H . The roots of an invariant
complex structure form a closed system ψ such that θ ∪ ψ is a positive system of roots
for G. Conversely, a closed set ψ of complementary roots such that θ ∪ ψ is the set
of positive roots of G for a suitable ordering, is the system of roots of an invariant
complex structure of G/H .
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Let J be an integrable invariant almost complex structure on G/H and θ an arbitrary
system of positive roots for H . One can choose an ordering µ on the canonical coordi-
nates for t related to G, such that the roots from θ and the roots α1, . . . , αn that define
J give the system of positive roots for G related to the ordering µ. We will show that
the identity element e is the only fixed point w ∈ WG/WH for which all the weights
w(αi), 1 6 i 6 n are positive related to the ordering µ.
Lemma 5.1.6. Let µ be an ordering on the canonical coordinates for t related to G
such that θ ∪ψ is a system of positive roots for G, where θ is a system of positive roots
for H and ψ is some system of complementary roots for G related to H . Then for any
w ∈ WG/WH such that w 6= e the system w(ψ) is not positive related to the ordering
µ.
Proof. Let us assume that w(ψ) is a positive root system related to the ordering µ for
some w ∈ WG/WH , or in other word related to the Weyl chamber B defined by µ. It
is well known [1] that the Weyl groupWG permutes the systems of positive roots for G
what implies that, for any w ∈WG, the system w(θ∪ψ) is positive related to the Weyl
chamber w(B), but it may not be positive related to the chamber B. It follows that the
system w(θ) is positive related to the Weyl chamber w(B), but it is not positive related
to the Weyl chamber B. The positive root system θ′ for H related to B, in the new
canonical coordinates given by the action of w, we obtain by the action of an element
u ∈WH on w(θ), i. e. θ′ = u(w(θ)). Note that, as ψ is the system of complementary
roots, it is invariant under the action of WH , what implies that w(ψ) will be invariant
under the action of WH given in the new canonical coordinates determined by the
action of w. Therefore we obtain that the root system u(w(ψ ∪ θ)) = w(ψ) ∪ θ′ for G
is positive related to B. It implies that it coincides with ψ ∪ θ, what means that u ◦ w
belongs to WH , i. e. w ∈ WH . Therefore we obtain that w = e in WG/WH .
Using Proposition 5.1.5 and Lemma 5.1.6 we deduce from (47) explicit values for the
Todd genus of an invariant almost complex structure on G/H .
Corollary 5.1.7. Let J be an invariant almost complex structure on G/H .
• If J is integrable then
Td(G/H, J) = 1.
• If J is not integrable then
Td(G/H, J) = 0.
Example 5.1.8. We provide computation of the Hirzebruch χy genus and the Todd
genus for CP 3 endowed with equivariant stable complex structures cτ . Because of
dimension reasons the signature of CP 3 is trivial. The roots of the standard complex
structure are α1 = x1 − x4, α2 = x2 − x4, α3 = x3 − x4, where x1, x2, x3, x4
are the canonical coordinates for U(4). By the result of [15] we have on CP 3, up
to conjugation, eight equivariant stable complex structures whose weights at the fixed
points are ǫi(w)w(αi), where w ∈ Z3 and the coefficients ǫi(w) satisfy the relations
ǫ1(0) = ǫ1(3) = ǫ1(2), ǫ2(0) = ǫ2(1) = ǫ2(3), ǫ3(0) = ǫ3(1) = ǫ3(2) and ǫ1(1) =
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ǫ2(2) = ǫ3(3), so they are determined by ǫ1(0), ǫ2(0), ǫ3(0) and ǫ1(1). Let us fix an
ordering µ given by x1 > x2 > x3 > x4.
• For ǫ1(0) = ǫ2(0) = ǫ3(0) = ǫ1 we obtain the standard complex structure J .
Using Corollary 46 we obtain that
χy(CP
3, J) = 1− y + y2 − y3,
and therefore Td(CP 3, J) = 1.
• Let cτ be determined by the values ǫ1(0) = ǫ2(0) = ǫ3(0) = 1 and ǫ1(1) = −1.
We have in this case that ǫ = −1 and Theorem 5.1 gives that
χy(CP
3, cτ ) = y
2 − y,
what further implies that Td(CP 3, cτ ) = 0. The same result we obtain for the
stable complex structures determined by the values ǫ1(0) = ǫ2(0) = ǫ1(1) = 1
and ǫ3(0) = −1, by the values ǫ1(0) = ǫ3(0) = ǫ1(1) = 1 and ǫ2(0) = −1, and
by the values ǫ2(0) = ǫ3(0) = ǫ1(1) = 1 and ǫ1(0) = −1.
• For the stable complex structure cτ determined by ǫ1(0) = ǫ2(0) = 1 and
ǫ3(0) = ǫ1(1) = −1 we obtain that
χy(CP
3, cτ ) = 0.
The same Hirzebruch χy - genus correspond to the stable complex structures
determined by the values ǫ1(0) = ǫ3(0) = 1 and ǫ2(0) = ǫ1(1) = −1, and by
the values ǫ1(0) = ǫ1(1) = 1 and ǫ2(0) = ǫ3(0) = −1. Proceeding as in [15] we
can show that [(CP 3, cτ )] = 0 for every stable complex structure of this case.
6 Compatible almost complex homogeneous fibrations
Let G be a compact connected Lie group and H and K its closed connected subgroup
such that K ⊂ H and rkG = rkH = rkK . We look at the homogeneous fibration
H/K −→ G/K −→ G/H .
Assume that we are given invariant almost complex structures J1 and J2 on H/K
and G/H respectively. This means that J1 is invariant under the canonical action
of H on H/K and J2 is invariant under the canonical action of G on G/H . Let
α1, . . . , αl be the roots for the structure J1 on Te(H/K) and αl+1, . . . αn be the roots
for the structure J2 on Te(G/H). Here dimH/K = 2l, dimG/H = 2(n − l) and
dimG/K = 2n. Then α1, . . . , αn will be complementary roots for G related to K .
We define the complex structure J on Te(G/K) ∼= Te(H/K) ⊕ Te(G/H) to be J1
on Te(H/K) and J2 on Te(G/H). The structure J is invariant under the isotropy
representation for K at Te(G/K) and therefore it defines an invariant almost complex
structure on G/K .
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Remark 6.1. The integrability criterion for an invariant almost complex structure on a
homogeneous space given in [4] implies that the structure J is integrable if and only if
J1 and J2 are integrable.
Remark 6.2. Related to the fibration we consider, it is useful to note the following facts.
1. The common maximal torus T k for K , H and G acts canonically on homo-
geneous spaces G/K and G/H and regarding to this action the projection π :
G/K → G/H is an invariant map.
2. The structure J induces the almost complex structure on the tangent bundle along
the fibers τH/K(G/K). To see this we note that τH/K(G/K) can be obtained
by the action of the Lie group G on Te(H/K). As the structure J on Te(G/K)
induces the structure J1 on Te(H/K) it implies that the structure J on τ(G/H)
induces the almost complex structure on τH/K(G/K) given by the action of the
group G on J1.
3. Consider an invariant connection C on this fibration whose horizontal subbundle
H is obtained by the action of the group G on the subspace Te(G/H) of the
space Te(G/K). Then J induces on H an invariant almost complex structure
JH which can be obtained by the action of the group G on the complex structure
J2 in Te(G/H). The real isomorphism dπ : H → τ(G/H) is an almost complex
map related to the structures JH and J2, meaning that dπ ◦ JH = J2 ◦ dπ.
4. It follows from (2) and (3) that dπ : τ(G/K) → τ(G/H) is also an almost
complex map related to the structures J and J2 as well.
The universal toric genus for (G/K, J) is given by
Φ(G/K, J) =
∑
w∈WG/WK
n∏
i=1
1
[w(αi](u)
,
Note that any w ∈ WG/WK can be uniquely written as w = w1 ◦ w2 where w1 ∈
WG/WH and w2 ∈WH/WK . It implies that
Φ(G/H, J) =
∑
w1∈WG/WH
∑
w2∈WH/WK
n∏
i=1
1
[w1(w2(αi)](u)
.
Since the structure J1 is invariant under the isotropy representation for H it implies
that the system of roots {αl+1, . . . , αn} which define J1 is invariant under the action
of WH/WK . It further implies
Φ(G/H, J) =
∑
w1∈WG/WH
n∏
i=l+1
1
[w1(αi)](u)
·
∑
w2∈WH/WK
l∏
i=1
1
[w1(w2(αi))](u)
.
In this way we have proved the following statement.
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Theorem 6.3. Let G be a compact, connected Lie group and K ⊂ H its closed con-
nected subgroups such that rkG = rkH = rkK . Assume we are given on H/K an
invariant complex structure J1 and on G/H an invariant complex structure J2 defined
by the roots αl+1, . . . , αn, where dimH/K = 2l and dimG/K = 2n. The structures
J1 and J2 define on the total space G/K of the fibration H/K −→ G/K −→ G/H
the invariant almost complex structure J whose universal toric genus is given by
Φ(G/K, J) =
∑
w1∈WG/WH
n∏
i=l+1
1
[w1(αi)](u)
· w1(Φ(H/K, J2)) . (48)
Remark 6.4. Theorem 6.3 proves that universal toric genus of (G/K, J) is the twisted
product of the universal toric genera of the base (G/H, J1) and the fiber (H/K, J2),
where the twist is done by the elements from WG/WH .
We say that the universal toric genus of the fibration (H/K, J1) −→ (G/K, J) −→
(G/H, J2) is multiplicative if
Φ(G/K, J) = Φ(H/K, J1) · Φ(G/H, J2)
in U∗(BT k). Note that the action of the torus T k on G/K and G/H we obtain as the
restriction of the action of the group G which also commutes with the structures J and
J2. Therefore, by Lemma 2.2.3 we see that Φ(G/K, J), Φ(G/H, J2) are invariant un-
der the action of the Weyl group WG in U∗(BT k) = Ω∗U [[u1, . . . , uk]]. The invariance
of Φ(H/K, J1) under the action of WG gives by Theorem 6.3 the sufficient condition
for the universal toric genus of a homogeneous fibration to be multiplicative.
Corollary 6.5. If the universal toric genus of the fiber (H/K, J1) is invariant under
the action of the Weyl group WG in U∗(BT k) then the universal toric genus of the
fibration (H/K, J1) −→ (G/K, J) −→ (G/H, J2) is multiplicative.
If apply the Chern-Dold character to the formula (48) we obtain:
Corollary 6.6.
chU (G/K, J) =
∑
w1∈WG/WH
n∏
i=l+1
f(w1(αi(x)))
w1(αi(x))
· w1(chU (H/K, J2)) , (49)
where x = (x1, . . . , xk).
We elaborate further the formula (49) related to the multiplicativity question. It can be
written as
chUΦ(G/K, J) =
∑
w1∈WG/WH
n∏
i=l+1
f(w1(αi(x)))
w1(αi(x))
·w1([(H/K, J1)]+chU (H/K, J1)≥l+1) ,
where
(
chUΦ(H/K, J1)
)≥l+1
= chUΦ(H/K, J1)− [(H/K, J1)]. As WG/WH acts
on the coordinates x1, . . . , xk it follows that [(H/K, J1)] is invariant under this action
and therefore
chUΦ(G/K, J) = chU (G/H, J2) · [(H/K, J1)]+
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+
∑
w1∈WG/WH
n∏
i=k+1
f(w1(αi(x))
w1(αi(x))
· w1(chUΦ(H/K, J1)≥l+1) .
In particular it follows that
[(G/K, J)] = [(H/K, J1)] · [(G/H, J2)]+
+
( ∑
w1∈WG/WH
n∏
i=l+1
(f(w1(αi(x))
w1(αi(x))
)
· w1
(
chUΦ(H/K, J1)
)≥l+1)
n
,
where the subscript n denotes that we have chosen the coefficient in tn in the corre-
sponding polynomial in t according to (9).
We will say that the complex cobordism class for this fibration is decomposable if
[(G/K, J)] = [(H/K, J1)] · [(G/H, J2)].
We immediately obtain:
Corollary 6.7. If the complex cobordism class for the homogeneous fibration (H/K, J1) −→
(G/K, J) −→ (G/H, J2) is decomposable then
( ∑
w1∈WG/WH
n∏
i=l+1
f(w1(αi(x))
w1(αi(x))
· w1(chUΦ(H/K, J1)≥l+1)
)
n
= 0 . (50)
This further gives:
Corollary 6.8. If the coefficient in tk in the formula (9) for chUΦ(H/K, J1) is equal
to zero for l + 1 ≤ k ≤ n, then the complex cobordism class is decomposable
for any homogeneous fibration (H/K, J1) −→ (G/K, J) −→ (G/H, J2) such that
dimG/K = 2n.
Remark 6.9. Note that in Corollary 6.8 we obtain n − 1 equations in x1, . . . xk and
a1, . . . an. If we consider these equations as being in variables a1, . . . , an then they
give the constraints on the almost complex homogeneous space (H/K, J1). If we con-
sider these equations as the equations in variables x1, . . . , xk they produce the system
of relations R in Z[a1, . . . , an] such that the decomposability of the complex cobor-
dism class of our fibration is satisfied in the quotient Z[a1, . . . an]/ 〈R〉.
Example 6.10. Take G = SU(4) and H = S(U(1) × U(1) × U(2)) and look at the
fibration
CP 1 → SU(4)/T 3 → SU(4)/S(U(1)× U(1)× U(2)).
The torus T 3 acts on these fibrations. Let as consider on SU(4)/S(U(1) × U(1) ×
U(2)) an invariant almost complex structure J1 defined by the roots α1 = x1 −
x3, α2 = x2 − x3, α3 = x4 − x1, α4 = x4 − x2, α5 = x3 − x4 and the canoni-
cal complex structure J2 on CP 1 by the root x1 − x2. The structures J1 and J2 define
the invariant almost complex structure on SU(4)/T 3 which is not integrable, as J1 is
not integrable. Formula (7) gives that
Φ(SU(4)/T 3, J) =
∑
w∈WSU(4)/WSU(2)
w
(
Φ(CP 1, J2) ·
5∏
i=1
1
[αi](u)
)
.
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Example 6.11. Consider now fibration
SU(3)/T 2 → G2/T 2 → S6 = G2/SU(3).
The torus T 2 acts on this fibration canonically. Consider, unique up to conjugation,
invariant almost complex structure J1 on S6 = G2/SU(3). Its roots are x1, x2 and x3.
Let further J2 be the canonical complex structure on SU(3)/T 2. The structures J1 and
J2 define an invariant almost complex structure on G2/T 2. Then formula (7) implies
that
Φ(G2/T
2, J) =
∑
w∈WG2/WSU(3)
w
(
Φ(SU(3)/T 2, J2)· 1
[(1, 0, 0)](u)
· 1
[(0, 1, 0)](u)
· 1
[(0, 0, 1)](u)
)
.
(51)
Note that WG2/WSU(3) consists of two element: w1 which is identity and w2 which
acts as w2(xi) = −xi, 1 6 i 6 3. The universal toric genus for SU(3)/T 2 is
Φ(SU(3)/T 2, J2) =
∑
w∈S3
1
[w(1,−1, 0)](u) ·
1
[w(1, 0,−1)](u) ·
1
[w(0, 1,−1)](u) .
It checks directly from this expression thatw2
(
Φ(SU(3)/T 2, J2)
)
= Φ(SU(3)/T 2, J2).
Using this we obtain from (51) that
Φ(G2/T
2, J) = Φ(SU(3)/T 2, J2) · Φ(S6, J1). (52)
Formula (52) is valid for an arbitrary invariant almost complex structure on SU(3)/T 2
since its roots, up to signs, coincide with those for J2.
Specially we can take an almost complex structure J2 on SU(3)/T 2 to be defined with
the roots x1 − x2, x3 − x1 and x2 − x3. We obtain that (S6, J1), (SU(3)/T 2, J2) and
(G2/T
2, J) are all SU -manifolds, where the structure J is defined using J1 and J2.
Example 6.12. The fibration U(3)/T 3 → U(4)/T 4 → CP 3 can be obtained as the
associated T 4-bundle over CP 3 with the fiber U(3)/T 3. Namely, if take E to be the
principal T 4-bundle over CP 3 and the canonical action of T 4 on (U(1) × U(3))/T 4,
it is a classical result that the associated bundle E ×T 4 U(3)/T 3 will give us the con-
sidered fibration. Assume that the space U(4)/T 4 is endowed with an invariant almost
complex structure coming from the invariant almost complex structures on the base
and the fiber. Then the universal toric genus for this fibration is not multiplicative. This
follows from Example 3.3.4 where it is proved that the cobordism class for U(4)/T 4
is not decomposable in Ω∗U .
Remark 6.13. It is known [6] that the elliptic genusϕ is multiplicative for the associated
G-bundles E ×G F over the closed oriented base B with the G-fiber F whose first
Chern class vanishes. Therefore if in Example 6.12 we take on U(4)/T 4 the invariant
almost complex structure obtained from the invariant almost complex SU -structure
J1 on U(3)/T
3 and the unique, up to conjugation, invariant almost complex structure
J2 on CP
3
, we have that the elliptic genus will be multiplicative for such fibration,
i. e. ϕ(U(4)/T 4, J) = ϕ(U(3)/T 3, J1) · ϕ(CP 3, J2).
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6.1 Invariant almost complex structures on homogeneous fibra-
tions.
We now summarize the different cases describing the existence of an invariant almost
complex structure on homogeneous fibrations H/K → G/K → G/H .
1. If G/H and H/K admit invariant almost complex structures then, as it is described
in the previous section, they define the invariant almost complex structure on G/K .
2. If G/K admits an invariant almost complex structure then it naturally induces the
invariant almost complex structure on the fiberH/K , but in general case the baseG/H
does not admit any even stable complex structure. It can be seen from the homogeneous
fibration:
CP 1× Sp(n− 1)/T n−1 −→ Sp(n)/T n π−→ Sp(n)/Sp(1)×Sp(n− 1) = HPn−1 .
Being totally reducible Sp(n)/T n admits 2n2 invariant almost complex structures,
while HPn−1 does not admit any almost complex structure.
Remark 6.1.1. As we already remarked the fact that HPn does not admit any almost
complex structure was proved in [18] for n 6= 2, 3, while in [30] it is proved that for
n > 1 it does not admit any stable complex structure making use of the ring K(X) of a
complex vector bundles over a space X . The fact that HPn does not admit any Sp(n)-
invariant almost complex structure can be proved using toric genus. We illustrate it for
n = 2.
The canonical action of T n+1 onHPn has n+1 fixed points. The complementary roots
for Sp(n+1) related to Sp(1)×Sp(n) are x1+x2, . . . , x1+xn+1,x1−x2, . . . , x1−
xn+1. The action of the groupWSp(n+1)/WSp(1)×WSp(n) is given by the permutation
between x1 and x2, . . . , xn+1. If HPn would admit an invariant almost complex struc-
ture its roots would be given by α1 = ǫ2(x1+x2), . . . , αn = ǫn+1(x1+xn+1),αn+1 =
δ2(x1 − x2), . . . , α2n = δn+1(x1 − xn+1), where ǫi, δi = ±1.
In this case by [15] the coefficient in tl, 0 ≤ l ≤ 4n− 1 in the series
∑
w∈WSp(n+1)/WSp(1)×WSp(n)
2n∏
j=1
(1 + a1tw(αj) + a2t
2(w(αj))
2 + . . .)
2n∏
j=1
w(αj)
has to vanish.
For the coefficient in t this implies that
a1
n+1∑
i=1
(
n+1∑
j=2
(ǫj + δj))xi +
n+1∑
j=2,j 6=i
(ǫj − δj)xj + (ǫi − δi)x1
n+1∏
j=1,j 6=i
(x2i − x2j )
= 0.
For n = 2 we obtain that polynomial
(−ǫ1+ǫ2+δ1−δ2)x31−(ǫ2+2δ1+δ2)(x21x2+x1x23)+(ǫ1+δ1+2δ2)(x1x22+x21x3)
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+(ǫ2 − δ1)(x33 − x32)− (ǫ1 + ǫ2 + 2δ2)x22x3 + (2ǫ2 + δ1 + δ2)x2x23
has to vanish for x1 6= ±x2,±x3 and x2 6= ±x3.
It implies that ǫ2 = δ1 what would further give ǫ1 = 5ǫ2. This is impossible since
ǫ1, ǫ2 = ±1.
Remark 6.1.2. We want to point that, the property of a fibration F → E → B that E
admits a stable complex structure while B does not admit any stable complex structure
as the above one has, geometrically means that there is no connection on this fibration
such that the stable complex structure on the total space induces the stable complex
structure on the horizontal subbundle.
3. Not every invariant almost complex structure on the G/K can be obtained from
invariant almost complex structures of the base and the fiber, even in the case when the
base G/H admits an invariant almost complex structure. In order to verify this one can
consider the fibration
CP 1 → U(3)/T 3 → CP 2 .
The base and the fiber, being totally irreducible, admit 2 invariant almost complex
structures, meaning that 4 invariant almost complex structures on U(3)/T 3 come from
the structures on the fiber and base in the given fibration. Since on U(3)/T 3 there are
23 = 8 invariant almost complex structures, it follows that four of them do not come
from the structures of the fibration.
Asking the question what are the conditions for a invariant almost complex structure of
G/K to be obtained from invariant almost complex structures on G/H and H/K we
deduce the following.
Proposition 6.1.3. Let J be an invariant almost complex structure on G/K defined
by the roots α1, . . . , αn such that αl+1, . . . , αn are the complementary roots for G
related to H . The structure J comes from invariant almost complex structures on the
fiber and base of the fibration H/K → G/K → G/H if and only if the root system
αl+1, . . . , αn is invariant under the action of the Weyl group WH .
Proof. The root system αl+1, . . . , αn defines the complex structure J on Te(G/H).
This structure will define an invariant almost complex structure on G/H if and only
if it is invariant under the isotropy representation for H at Te(G/H). This is further
equivalent to the request that its root system is invariant under the action of the Weyl
group WH .
Regarding the universal toric genus Proposition 6.1.3 directly implies.
Corollary 6.1.4. Let J be an invariant almost complex structure on G/K defined by
the roots α1, . . . , αn such that αl+1, . . . , αn are the complementary roots for G related
to H . Let J1 be the induced invariant almost complex structure on the fiber of the
fibration H/K → G/K → G/H . If the root system αl+1, . . . , αn is invariant under
the action of the Weyl groupWH then for the universal toric genus of (G/K, J) twisted
product formula holds.
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We characterize now almost complex homogeneous fibrations whose universal toric
genus is multiplicative.
Proposition 6.1.5. Let H be a subgroup of G such that rkH = rkG. The root sys-
tem for H is invariant under the action of the Weyl group WG if and only if H is a
semisimple Lie group.
Proof. For the background on the Lie theory we use see [36]. If H is a semisimple
Lied group, the root system for H can be obtained by removing one root from the
extended root system for G. The direct checking gives that any such root system will
be invariant under the action of WG. To prove the opposite direction assume that H is
not semisimple. Then the Lie algebra η for H decomposes as η = ξ(η) ⊕ η′ where
the dimension of the center ξ(η) is positive and the root system for η is that of η′ .
The Cartan algebra t′ for η′ is strictly contained in the Cartan algebra t for g, what
implies that there exists at least one canonical coordinate on t related to g which does
not appear in the root system for η′ . Since for any two canonical coordinates for g there
always exists an element in the Weyl group WG which interchanges them, it implies
that the root system for H is not invariant under the action of WG.
Corollary 6.5 together with Proposition 6.1.5 implies:
Corollary 6.1.6. If H is a semisimple Lie group such that K < H < G and rkK =
rkH = rkG then the universal toric genus of the almost complex homogeneous fibra-
tion (H/K, J1)→ (G/K, J)→ (G/H, J2) is multiplicative.
The pairs (G,H) where H is a semisimple subgroup of G of equal rank are classi-
fied for the simple Lie groups G. in terms of the corresponding Lie algebras such
classification can be, for example, found in [35]. We list such pairs for the classical
simple Lie algebras and for the exceptional Lie algebras G2 and F4. They are given
with: (Bl, Dk ⊕ Bl−k), l ≥ 2, 2 ≤ k ≤ l, (Cl, Ck ⊕ Cl−k), l ≥ 3, 1 ≤ k ≤
[
l
2
]
,
(Dl, Dk ⊕ Dl−k), l ≥ 4, 2 ≤ k ≤
[
l+1
2
]
, (F4, A1 ⊕ C3), (F4, A2 ⊕ A2), (F4, B4),
(G2, A2), (G2, A1 ⊕A1).
6.2 On rigidity and multiplicativity of a Hirzebruch genus.
We analyse now the relation between mulptiplicativity of a Hirzebruch genus for an
almost complex homogeneous fibration and its equivariant rigidity on the fiber. It is
clear that if the universal toric genus is multiplicative for some fibration, then any
Hirzebruch genus will be multiplicative for that fibration. In the case of homogeneous
fibrations we prove:
Proposition 6.2.1. Let us given an almost complex homogeneous fibration H/K →
G/K → G/H . Assume that the Hirzebruch genus Lf is T k-rigid on H/K . Then it
will be multiplicative for this fibration. Moreover
1. if Lf vanishes on H/K then LTkf will vanish on Φ(G/K);
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2. if Lf does not vanish on H/K then Lf will be T k-rigid on G/K if and only if it
is T k-rigid on G/H .
Proof. SinceLf is T k-rigid onH/K it follows from Theorem 6.3 thatLTkf (Φ(G/K)) =
Lf (H/K) · LTkf (Φ(G/H)) what implies that Lf (G/K) = Lf (H/K) · Lf (G/H).
Also if Lf (H/K) = 0 it follows that LTkf (Φ(G/K)) = 0 and, thus, Lf is T k-rigid on
G/K and vanishes on it.
If Lf is T k-rigid on G/H it follows LTkf (Φ(G/K)) = Lf (H/K) · Lf (G/H) =
Lf (G/K). If Lf is T k-rigid on G/K then Lf (G/K) = Lf (H/K) · LTkf (Φ(G/H)),
what implies that LTkf (Φ(G/H)) = Lf (G/H).
Together with Theorem 4.4.3 we deduce the following.
Corollary 6.2.2. Any Hirzebruch genus Lf given by an odd series f will be multi-
plicative for the almost complex homogeneous fibrations with a fiber being the flag
manifold. Moreover, it will vanish on the total space of a fibration.
This is another way, compare to Theorem 4.4.11, to obtain a large class of homoge-
neous spaces for which any Hirzebruch genus given by an odd series vanishes.
Example 6.2.3. For any Hirzebruch genus Lf given by an odd power series f and
M = U(k + n1 + . . . + nl)/(T
k × U(n1) × · · · × U(nl)), k ≥ 2, we obtain that M
is T k+n1+...nl-rigid and Lf (M) = 0. In particular the elliptic genus and the Aˆ-genus
are trivial on M . This follows from Corollary 6.2.2 if look at the fibration U(k)/T k →
U(k+n1+ . . .+nl)/(T
k×U(n1)× · · ·×U(nl))→ U(k+n1+ . . .+nl)/(U(k)×
U(n1)× · · ·U(nl)), where k ≥ 2.
Recall that the Hirzebruch genus Lf is said to be multiplicative with respect to the
stable complex closed manifold M if Lf (M ×G E) = Lf (M) · Lf (G), where G is a
compact Lie group whose action on M preserves the stable complex structure and E
is the principal G-bundle over an arbitrary closed stable complex base B. It is proved
in [13] that a genus multiplicative with the respect to the stable complex T k-manifold
M is T k-rigid on M as well, while a T k- rigid genus on M will be also multiplicative
for such Lie groups groups for which Ω∗U (BG) has no torsion.
Remark 6.2.4. Note that it is a classical result that the signature is multiplicative for
an arbitrary fibration for which the base, fiber and the total space are coherently ori-
ented compact connected manifolds and the fundamental group of the base acts triv-
ially on the real cohomology of the fiber [16], [21]. It follows that the signature
will be a T k-rigid genus for an arbitrary stable complex T k-manifold. We want to
point that, using recurrently multiplicativity of the signature related to the fibration
U(n− 1)/T n−1 → U(n)/T n → CPn−1, it can be also deduced that the signature of
flag manifolds U(n)/T n vanishes.
In the case of associate homogeneous fibrations using Proposition 6.2.1 we obtain
slightly different result.
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Corollary 6.2.5. Assume that the genusLf is T k-rigid on a homogeneous spaceH/K
of positive Euler characteristic endowed with an invariant almost complex structure.
Let G be a compact Lie group such that H < G, rkH = rkG and G/H admits an
invariant almost complex structure. Then the genus Lf will be multiplicative for the
fibration H/K → H/K ×K E → G/H , where E is the principal K-bundle over
G/H .
7 Compatible tangentially stable complex T k-fibrations
We want to generalize the notion of an almost complex homogeneous T k-fibration to
an arbitrary fibration related to its property that for its universal toric genus the twisted
product formula holds. Consider the smooth fibration F i−→ E π−→ X where the base
X and the total space E are endowed with tangentially stable complex T k-structures
(cτ(E), θE) and (cτ(X), θX). We set the following notions.
1. The map π is said to be T k-invariant if it commutes with the given T k-actions
on E and X .
2. The map dπ : τ(E) → τ(X) is said to be stable complex related to the stable
complex structures cτ(E) and cτ(X) if the composition
ξ1
c−1
τ(E)−→ τ(E)⊕ R2k dπ⊕I2l−→ τ(X)⊕ R2l cτ(X)−→ ξ2 (53)
is a complex transformation, where k ≥ l and I2l denotes the restriction from
R2k to R2l on its first 2l coordinates. Here ξ1 and ξ2 are the complex vector
bundles over E and X which define cτ(E) and cτ(X) respectively.
Definition 7.1. We say that the structures (cτ(E), θE) and (cτ(X), θX) are compatible
with the fibration F i−→ E π−→ X if the following conditions are satisfied:
1. π is a T k-invariant map.
2. The stable complex structure cτ(E) induces the stable complex structure cτF (E)
on the tangent bundle along the fibers τF (E).
3. There exists a connection C on this bundle such that cτ(E) induces the stable
complex structure cH on the horizontal bundle H related to C and the real iso-
morphism dπ : H → τ(X) is a stable complex isomorphism related to the stable
complex structures cH and cτ(X).
4. The stable complex structure cτ(E) splits into the sum of the stable complex
structures cτF (E) and cH, i. e. cτ(E) = cτF (E) ⊕ cH.
It follows that the existence of compatible structures implies the decomposition τ(E)⊕
R2k = (τF (E)⊕R2(l−k))⊕ (H⊕R2l) such that on each summand cτ(E) induces the
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stable complex structure and the map dπ : τ(E)→ τ(X) is going to be stable complex
as well. The vice versa is also true in the sense that if the map dπ : τ(E) → τ(X)
is stable complex we can omit the second condition in Definition 7.1 as the following
Lemma shows.
Lemma 7.2. Assume we are given a smooth fibration F i−→ E π−→ X where the
base X and the total space E are endowed with tangentially stable complex structures
cτ(E) and cτ(X) such that the map dπ : τ(E) → τ(X) is stable complex related to
these structures. Then the stable complex structure cτ(E) induces the stable complex
structure cτF (E) on the tangent bundle along the fibers τF (E).
Proof. By the assumption we have that the composition
ξ1
c−1
τ(E)−→ τ(E) ⊕ R2k dπ⊕I2l−→ τ(X)⊕ R2l cτ(X)−→ ξ2 (54)
is a complex transformation. It means that (dπ⊕I2l)(c−1τ(E)◦J1◦cτ(E)) = (c−1τ(X)◦J2◦
cτ(X))(dπ ⊕ I2l), where J1 and J2 are complex structures on ξ1 and ξ2 respectively.
Therefore for V ∈ Ker dπ ⊕ R2(k−l) we have (c−1τ(E) ◦ J1 ◦ cτ(E))V ∈ Ker(dπ ⊕
I2l) = Ker dπ⊕R2(k−l). It implies that ξ¯1 = c−1τ(E)(Ker dπ⊕R2(k−l)) is the complex
subbundle of ξ1 giving the stable complex structure on Ker dπ.
Example 7.3. It follows from Remark 6.2 that any almost complex homogeneous T k-
fibration is an example of compatible stable complexT k-fibration, where the projection
is a stable complex map.
The condition for the projection π to be a T k-invariant map has an important conse-
quence.
Lemma 7.4. If a fibration is endowed with the compatible tangentially stable complex
T k-structures, the action θE induces T k-actions θFx on the fibers Fx over the fixed
points x ∈ X for θX , such that (Fx, cτFx(E), θFx) are stable complex T k-manifolds.
Proof. The projectionπ is an invariant map related to T k-action meaning that π(θE(fx)) =
θX(π(fx)) = θX(x) for any fx ∈ Fx, where Fx is the fiber over x ∈ X . For x being a
fixed point for θX we obtain that π(θE(fx)) = x for any fx ∈ Fx. This further means
that θE : Fx → Fx and therefore it defines the action of the torus T k on Fx. Being both
induced by θE and cτ(E), it follows that (θFx , cτFx (E)) is tangentially stable complex
T k-structure on Fx.
Due to Lemma 7.4 we obtain that (Fx, θE |Fx, cτ(E)|Fx) is tangentially stable complex
T k-manifold for a fixed point x related to the action θX and, therefore, the universal
toric genus Φ(Fx, cτFx(E), θFx) is defined.
Theorem 7.5. Assume we are given a smooth fibration F i−→ E π−→ X such that
E and X are endowed with tangentially stable complex T k-structures (cτ(E), θE) and
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(cτ(X), θX) which are compatible with the given fibration. Then
Φ(E, cτ(E), θE) =
∑
x∈Fix(X)
sign(x)
n∏
j=1
1
[Λj(x)](u)
Φ(Fx,ΘE |Fx, cτ(E)|Fx), (55)
where Λj(x), 1 ≤ j ≤ n are the weights for the action θX at a fixed point x ∈ X and
2n = dimX .
Proof. Let e ∈ E be a fixed point for the action θE . Since the projection π is a T k-
invariant map we have that x = π(e) is the fixed point for θX and, thus, by Lemma 7.4
we obtain that e = fx ∈ Fx is the fixed point for θFx . Therefore the set of fixed
points Fix(E) for θE is given by Fix(E) =
⋃
x∈Fix(X)
Fix(Fx), where Fix(X) and
Fix(Fx) are the fixed point sets for θX and θFx . Lemma 7.4 gives that θE |Fx = θFx
and by definition cτ(E) induces the stable complex structure on τF (E). It implies that
the weights for θE related to cτ(E) at the fixed point e = fx contain the weights for
θFx related to cτFx (E) at the fixed point fx. On the other side, Te(E) = Tfx(Fx)⊕He,
where He is the subspace determined by the horizontal subbundleH of the connection
C, then dπ : He → Tx(X) is a stable complex isomorphism related to the stable
complex structures cH and cτ(X) and the projection π is an invariant map related to
the torus actions on E and X . It implies that the weights for θE related to cτ(E) at
the fixed point e, complementary to those of θFx related to cτFx (E) at the fixed point
e = fx, are given by the weights for θX related to cτ(X) at the fixed point x = π(e).
Since cτ(E) = cτF (E) ⊕ cH it follows that sign(e) = sign(x) · sign(fx). Therefore we
deduce that
Φ(E, θE , cτ(E)) =
∑
x∈Fix(X)
sign(x) ·
n∏
j=1
1
[Λj(x)](u)
Φ(Fx,ΘE |Fx, cτ(E)|Fx).
Remark 7.6. Note that Theorem 7.5 shows that the universal toric genus for (E, θE , cτ(E))
does not depend on a connection C satisfying Definition 7.1.
7.1 Construction.
We provide now the construction of a compatible tangentially stable complex T k-
fibration assuming we are given tangentially stable complex T k-structures on the base
X and the fiber F . We denote by cτ(F ) and cτ(X) the stable complex structures and
by θF and θX the torus actions on F and X respectively. We want to define the fiber
bundle F i−→ E π−→ X with T k-stable complex structure (cτ(E), θE) which naturally
arises from the actions θF and θX and the stable complex structures cτ(F ) and cτ(X).
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7.1.1 The fiber bundle.
Let G be some subgroup of the diffemorphism group Diff(F ) for F . We assume that
(F, cτ(F ),Γ) is a tangentially stable complex G manifold, where Γ denotes the action
of the group G on F . We also assume that the action Γ commutes with the action
θF . Consider the principal G-bundle Y over X and the associated to it fiber bundle
F
i−→ E = Y ×G F π−→ X . The structure group for the bundle (E,X, F ) is G.
7.1.2 The actions θFx .
Using the action θF we can, in a natural way, define the action θFx of the torus T k on
the fiber Fx at x ∈ X . We do it as follows. Let us fix a G-atlas for (E,X, F ) and
φ : π−1(U)→ U ×F be some chart from this atlas, where U is an open neighborhood
for x ∈ X . We define θFx by setting
θF (φx(fx)) = φx(θFx(fx))
for x ∈ X and fx ∈ Fx, or, equivalently, θFx = φ−1x ◦ θF ◦φx, where φx = φ|Fx . This
definition is good in a sense that it does not depend on the choice of the chart (φ, U) in
the neighborhood of x from the fixed G-atlas. Namely, if (ψ, V ) is another such chart
then ψx ◦ φ−1x ∈ G and, by assumption it commutes with θF . Therefore we obtain
θF ◦ ψx = θF ◦ ψx ◦ φ−1x ◦ φx = ψx ◦ φ−1x ◦ θF ◦ φx
what implies ψ−1x ◦ θF ◦ ψx = φ−1x ◦ θF ◦ φx.
7.1.3 The stable complex structure cτ(Fx).
Using the stable complex structure cτ(F ) we define the stable complex structure cτ(Fx)
on Fx for any x ∈ X as follows. By definition cτ(F ) : τ(F ) ⊕ R2l → ξ is a real
isomorphism for some trivial bundle R2l and some complex vector bundle p : ξ → F .
Let φ be an arbitrary chart from the fixed G-atlas for (E,X, F ). Consider the complex
vector bundle ξ˜x overFx obtained as the pullback of the complex vector bundle ξ by the
diffeomorphismφx : Fx → F , i. e. ξ˜x = {(fx, z)| φx(fx) = p(z), fx ∈ Fx, z ∈ ξ}.
Denote by φ˜x : ξ˜x → ξ the projection on the second coordinate. We define the stable
complex structure cτ(Fx) on τ(Fx) by the following diagram
ξ˜x
φ˜x−−−−→ ξycτ(Fx) cτ(F )
y
τ(Fx)⊕ R2l −−−−→
dφx⊕I
τ(F ) ⊕ R2l.
From the definition of cτ(Fx) it follows that φx : Fx → F is a stable complex trans-
formation related to the structures cτ(Fx) and cτ(F ). This implies that the structure
cτ(Fx) is well defined. Namely, for any two charts φ and ψ in the neighborhood of x
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and the stable complex structures cτ(Fx) and c
′
τ(Fx)
these charts define, we obtain that
ψ−1x ◦ φx : Fx → Fx is a stable complex transformation related to cτ(Fx) and c
′
τ(Fx)
.
It implies that these stable complex structures are isomorphic as the diagram shows:
ξ˜x −−−−→ ξ˜′xycτ(Fx) c′τ(Fx)
y
τ(Fx)⊕ R2l −−−−−−−→
d(ψ−1x ◦φx)
τ(Fx)⊕ R2l.
Because of the commutative diagram
ξ˜x //

τ(Fx)⊕ R2l //

τ(Fx)⊕ R2l

// ξx

ξ // τ(F ) ⊕ R2l // τ(F )⊕ R2l // ξ ,
the stable complex structure cτ(Fx) is equivariant under the T k-action θFx on Fx.
The way cτ(Fx) is defined implies that it will be an almost complex structure in the
case cτ(F ) is a such structure.
7.1.4 The stable complex structure cτ(E).
In order to define the stable complex structure cτ(E) onE using the structures cτ(F ) and
cτ(X) we need some additional, geometric, structure on (E,X, F ). Let C be a (Ehres-
mann) connection on the fiber bundle (E,X, F ) defined by the smooth horizontal sub-
bundle H of τ(E) which is complementary to the vertical bundle τF (E) = Kerdπ in
the sense that τ(E) = H⊕ τF (E).
The vertical bundle τF (E) consists of vectors tangent to the fibers and, therefore, it
inherits the stable complex structure cτF (E) from the structures cτ(Fx).
The real isomorphism dπ : H → τ(X) defines the stable complex structure cH on the
horizontal bundle H if we put cH = (dπ)−1 ◦ c−1τ(X). We define the stable complex
structure cτ(E) : τ(E) ⊕ R2l ⊕ R2m → ξ ⊕ η by
cτ(E)|H⊕R2m ≡ cH, cτ(E)|τF (E)⊕R2l ≡ cτF (E). (56)
Remark 7.1.4.1. If cτ(F ) and cτ(X) are almost complex structures we obtain that cτ(E)
is an almost complex structure as well.
7.1.5 The action θE .
Denote by St the one parameter subgroup of T k generated by an element t ∈ T k. For
x ∈ X let α(x,t) be the curve in X which is the orbit of the element x by the action
of St or in other words α(x,t) = θX(St)x. For any fx ∈ Fx there exists, regarding
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to the connection C, the unique horizontal lift α˜(fx,t) of the curve α(x,t) such that
α˜(fx,t)(0) = fx. Using this we obtain the family of diffeomorphisms Ψ(x,t) : Fx →
FθX(t)(x) defined by Ψ(x,t)(fx) = α˜(fx,t)(1). It further defines the family of smooth
maps Ωt : E → E by Ωt(e) = Ψ(x,t)(fx), where x = π(e) and e = fx ∈ Fx.
The way the map Ωt is defined implies that dΩt commutes with the stable complex
structure cτ(E) in the sense that the composition
ξ ⊕ η
c−1
τ(E)−→ τ(E) ⊕ R2l ⊕ R2m dΩt⊕I⊕I−→ τ(E) ⊕ R2l ⊕ R2m cτ(E)−→ ξ ⊕ η (57)
is a complex transformation for any t ∈ T k.
We define the action θE of the torus T k on E by
θE(t)(e) = (θFθX (t)(x) ◦Ψ(x,t))(fx) , (58)
where x = π(e) and e = fx ∈ Fx. Note that from this definition it follows that
π(θE(t)(e)) = θX(t)(x). The way (E, θE , cτ(E)) is constructed implies that it will
will be a tangentially stable complex T k-manifold.
Theorem 7.1.5.1. The structures (θE , cτ(E)) and (θX , cτ(X)) are compatible with the
fibration F i−→ E π−→ X .
Proof. It follows from (58) that π(θE(t)(e)) = π(θFθX (t)(x)(Ψ(x,t)(fx))) =
π(θFθX (t)(x) (α˜(fx,t)(1))) = π(α˜(fx,t)(1)) = α(x,t)(1) = θX(t)(x), where x = π(e)
and e = fx. Thus, the projection π is a T k-invariant map. The formula (56) which
defines cτ(E) directly verifies that the last two conditions in Definition 7.1 are also
satisfied.
Corollary 7.1.5.2. If the action θE has finite number of isolated fixed points then the
universal toric genus for (E, θE , cτ(E)) is given by
Φ(E, θE , cτ(E)) =
∑
x∈Fix(X)
sign(x)
n∏
j=1
1
[Λj(x)](u)
Φ(Fx, θFx , cτ(Fx)) , (59)
where sign(x) and Λj(x), 1 ≤ j ≤ n are the sign and the weights for the action θX at
the fixed point x.
Remark 7.1.5.3. Note that the universal toric genus for (E, θE , cτ(E)) depends on the
triples (X, θX , cτ(X)) and (F, θF , cτ(F )) and the differentiable G- structure of the fi-
bration.
Corollary 7.1.5.4. If Φ(Fx1 , θFx1 , cτ(Fx1)) = Φ(Fx2 , θFx2 , cτ(Fx2)) in U∗(BT k) for
any x1, x2 ∈ Fix(X) then
Φ(E, θE , cτ(E)) = Φ(X, θX , cτ(X)) · Φ(F, θF , cτ(F )) . (60)
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Recall that we have the set of diffeomophisms φx : Fx → F induced by the charts φ
in the neighborhood of x of the G-atlas for (E,F,X) where x ∈ X . For any such φx
we obtain the map φ¯−1x : BT k → BT k defined by the diagram
F −−−−→ ET k ×Tk F −−−−→
p
BT k
yφ−1x φ˜−1x
y φ¯−1x
y
τ(Fx) −−−−→ ET k ×Tk Fx −−−−→
p˜
BT k,
where φ˜−1x is induced by φ−1x . The following observation directly follows from the
properties of the Gysin homomorphism.
Lemma 7.1.5.5. The map φ¯−1x induces the homomorphism (φ¯−1x )∗ : U∗(BT k) →
U∗(BT k) which satisfies
(φ¯−1x )
∗(Φ(F, cτ(F ), θF )) = Φ(Fx, cτ(Fx), θFx). (61)
Then as the direct consequence of Theorem 59 we obtain the following.
Corollary 7.1.5.6. Let φx : F → Fx be the diffeomorphism given by an arbitrary
chart φ in the neighborhood of x from the given G-atlas for (E,F,X) and (φ¯−1x )∗ :
U∗(BT k)→ U∗(BT k) is the induced homomorphism, where x ∈ Fix(X). Then
Φ(E, θE , cτ(E)) =
∑
x∈Fix(X)
sign(x)
n∏
j=1
1
[Λj(x)](u)
(φ¯−1x )
∗(Φ(F, θF , cτ(F ))) . (62)
Example 7.1.5.7. Let G a compact connected Lie group, H its closed connected sub-
group such that rkH = rkG = k. Assume G/H to be endowed with an invariant
almost complex structure and with the canonical action of the maximal torus T k. Con-
sider the subgroup T of Diff(G/H) given by the canonical action of the torus T k. Let
further X be an arbitrary tangentially stable complex T k-manifold. Consider the prin-
cipal T -bundle over X and the associated to it fiber bundle G/H i−→ E π−→ X and
fix some smooth T -structure on this bundle. Following above construction we obtain a
tangentially stable complex T k-manifold (E, θE , cτ(E)). Theorem 7.1.5.2 gives that
Φ(E, θE , cτ(E)) =
∑
x∈Fix(X)
n∏
j=1
1
[Λj(x)](u)
(Φ((G/H)x, Jx)) .
In particular we can take X to be a homogeneous space G1/H1 where rkG1 =
rkH1 = k.
Example 7.1.5.8. Let G be compact connected Lie group, H its closed connected
subgroup such rkG = rkH . Assume that G/H admits an invariant almost complex
structure J1 and fix some invariant almost complex structure J2 on H/T k, where T k
is the common maximal torus for H and G. Following the notations from (7) we take
X = G/H and F = H/T k endowed with the structures J1 and J2 and canonical
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actions θX and θF of the torus T k. Let us fix the diffeomorphism group T for F given
by the action of T k. The associated fiber bundle to the principal T -bundle over X with
the fiber F is homogeneous fibration F = H/T k → E = G/T k → X = G/H .
Let J be the almost complex structure on E = G/T k obtained from J1 and J2 by
the construction from ( 7.1.4) related to the canonical invariant connection C on this
homogeneous fibration. Using the given actions θX and θF we may define, following
( 7.1.5), the action θ of the torus T k on the total spaceE = G/T k. Since Fix(G/H) =
WG/WH , Corollary 7.1.5.2 implies that
Φ(G/T k, θ, J) =
∑
w∈WG/WH
n∏
j=1
1
[Λj(w)](u)
Φ((H/T k)w, θ(H/T )w , (J2)w),
where the weights Λj(w) for the action θG/H related to the almost complex structure
J1 are established in [15].
Remark 7.1.5.9. Note that the action θ on G/T k from this example is different from
the canonical action of T k on G/T k, since it induces T k-action on each fiber, while
the canonical action does not do the same. We also see from the construction of the
structure J that it is not necessarily invariant under the action of the groupG on G/T k,
although it’s horizontal component, related to the canonical invariant connection C, is
invariant.
7.1.6 Rigidity and multiplicativity of a Hirzebruch genus.
Regarding this question for fibrations we have constructed in this Section it is valid
the statement analogous to that for compatible almost complex homogeneous fibra-
tions. Note that T k-equivariant extension LTkf = Lf ◦ Φ of any Hirzebruch genus
Lf commutes with any homomorphism h : U∗(BT k) → U∗(BT k), meaning that
h ◦ (Lf ◦ Φ) = Lf ◦ (h ◦ Φ). Then Corollary 7.1.5.6 implies the following.
Proposition 7.1.6.1. Assume we are given stable complex T k-manifolds X and F and
let E be the stable complex manifold obtained as the total space of the fibration over
X with the fiber F in the way we described. If the Hirzebruch genus Lf is T k-rigid on
F then it will be multiplicative for this fibration. Moreover
1. if Lf vanishes on F , then LTkf will vanish on Φ(E, θE , cτ(E));
2. if Lf does not vanish on F then Lf it T k-rigid on E if and only if it is T k-rigid
on X.
8 Tangentially stable complex T n-bundles over HP n−1
We start by recalling some results on toric genera for fibrations from [13]. Assume
we are given tangentially stable complex T k-bundle F −→ E π−→ X . This means
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that E and X are smooth manifolds with the actions of T k, π is a smooth map which
is invariant under the action of T k and the tangent bundle τF (E) along the fibers is
equipped with T k-equivariant stable complex structure cπ.
Remark 8.1. Note that when X is a point both E and F can be identified with some
smooth T k-manifold M2n and τF (E) can be identified with its tangent bundle τ(M),
while cτ (π) gives T k-equivariant tangentially stable complex structure cτ on M2n.
Denote by U∗Tk(X) the set of cobordism classes of tangentially stable complex T
k
-
fibrations over X . We use this notation instead of Ω∗U :Tk(X) as it is in [13] because
of consistency of the notations in the paper. For any smooth manifold X in [13] it is
constructed the homomorphism
ΦX : U
∗
Tk(X)→ U∗(ET k ×Tk X),
called the universal toric genus. When X = pt we obtain Φpt:
Φpt : Ω
∗
U :Tk → Ω∗U [[u1, . . . , uk]]
and it is satisfied Φpt(M2n, cτ , θ) = Φ(M2n, cτ , θ).
Remark 8.2. In the same way can be constructedG-genusΦX:G : U∗G(X)→ U∗(EG×G
X), where U∗G(X) denotes the set of cobordism classes of tangentially stable complex
G-fibrations overX . Analogously, whenX = pt one obtains thatΦpt:G(M2n, cτ , γ) =
ΦG(M
2n, cτ , γ).
Assume that all fixed points for the action of T k on E are isolated. Denote by Fix(E)
and Fix(X) the sets of fixed points on the base X and the total space E and by
Fix(Fx) the set of fixed points in the fiber Fx = π−1(x) for some fixed point x ∈
Fix(X). Note that any e ∈ Fix(E) can be looked as e = (x, fx) for x ∈ Fix(X)
and fx ∈ Fix(Fx). Let ωj(fx) be the weights at the fixed point fx ∈ Fix(Fx) that are
determined by cπ where 1 ≤ j ≤ n. The following result is proved in [13], Theorem
4.6.
Theorem 8.3. For any tangentially stable complex T k-bundle F −→ E π−→ X with
isolated fixed points, the equation
ΦX(π)|Fix(X) =
∑
x∈Fix(X)
∑
fx∈Fix(Fx)
sign(fx)
n∏
i=1
1
[ωj(fx)](u)
(63)
is satisfied in ⊕Fix(X)U−2n(BT k+ × x), where x and fx range over Fix(X) and
Fix(Fx) respectively.
Remark 8.4. According to the previous theorem we can assign to Φ(π)|Fix(X) the vec-
tor
( ∑
fx∈Fix(Fx)
sign(fx)
n∏
i=1
1
[ωj(fx)](u)
)
x∈Fix(X)
which belongs to aFix(X)-dimensional
module over Ω∗U .
Theorem 8.5. The universal toric genus of the fibration
CP 1 × Sp(n− 1)/T n−1 −→ Sp(n)/T n π−→ HPn−1 (64)
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of an arbitrary invariant almost complex structure on Sp(n)/T n can be written as
ΦHPn(π) =
∑
ω
g0,ω|u|2ω +
∑
ω
g1,ω|u|2ωz + . . .+
∑
ω
gn−1,ω|u|2ωzn−1 ,
where gj,ω ∈ Ω−2(2n+2+|ω|)U for ω = (i1, . . . , in), then |u|2ω = |u1|2i1 · · · |un|2in and
z = pSp1 (ρ) is the first symplectic Pontrjagin class of the canonical quaternionic line
bundle over the projectivisation HP (η1
H
⊕ · · · ⊕ ηn
H
)
ρ−→ BSp(1)n. In particular if
n = 2, for the invariant complex structure we obtain the coefficients g0,ω to be:
g0,ω = 2
2(i1+i2+1)a2i1+1a2i2+1, for ω = (i1, i2).
Remark 8.6. Note that z = pSp1 (ρ) restricts to the fiber HPn−1 of the projectivisation
ρ to the first symplectic Pontrjagin class of the canonical quaternionic line bundle over
HPn−1.
Proof. Let us fix an invariant almost complex structure J on the quaternionic flag man-
ifold Sp(n)/T n. The structure J on τ(Sp(n)/T n), being a Sp(n)-invariant almost
complex structure, induces T n-invariant almost complex structure on the tangent bun-
dle along the fibers τCP 1×Sp(n−1)/Tn−1(Sp(n)/T n) of the fibration (64). The action
of T n on Sp(n)/T n and on HPn−1 is compatible with the fibration (64), so it is de-
fined the universal toric genusΦHPn(π) which is an element in U∗(ET n×TnHPn−1).
In order to describe ΦHPn(π) explicitly, we consider the following situation.
The structure J also induces the Sp(1)n-invariant almost complex structure on the
tangent bundle τCP 1×Sp(n−1)/Tn−1(Sp(n)/T n) and the action of the group Sp(1)n
on Sp(n)/T n and on HPn−1 is compatible with the fibration (64), so it is defined
Sp(1)n-genus ΦHPn:Sp(1)n(π). It is an element of U∗(ESp(1)n ×Sp(1)n HPn−1).
Namely recall that fibration (64) induces the fibration
CP 1×Sp(n−1)/T n−1 −→ ESp(1)n×Sp(1)nSp(n)/T n
1×Sp(1)nπ−→ ESp(1)n×Sp(1)nHPn−1 .
Then the Sp(1)n - genus is defined with ΦHPn:Sp(1)n(π) = (1×Sp(1)n π)!(1), where
(1×Sp(1)n π)! : U∗(ESp(1)n×Sp(1)n Sp(n)/T n)→ U∗(ESp(1)n×Sp(1)n HPn−1)
is the Gysin homomorphism induced by 1×Sp(1)n π.
The relation between ΦHPn and ΦHPn:Sp(1)n is by Lemma 2.2.2 given by
Bj∗ΦHPn:Sp(1)n = ΦHPn , (65)
where Bj∗ : U∗(ET n ×Tn HPn−1)→ U∗(ESp(1)n ×Sp(1)n HPn−1) is induced by
the inclusion j : T n → Sp(1)n.
The cobordism ring U∗(ESp(1)n ×Sp(1)n HPn−1) can be described using projectivi-
sation. Let us consider HPn−1 = Sp(n)/Sp(1)× Sp(n− 1). The group Sp(1)n acts
smoothly on HPn−1 and we can consider the Borel construction for this action
HPn−1 −→ ESp(1)n ×Sp(1)n HPn−1 −→ BSp(1)n .
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This bundle can be obtained as quaternionic projectivisation of the quaternionic vector
bundle VH over BSp(1)n which is the direct sum of n - copies of the tautological line
bundle ηH over BSp(1), i. e.
ESp(1)n ×Sp(1)n HPn−1 = HP (VH) = HP (η1H ⊕ · · · ⊕ ηnH) .
It follows that U∗(ESp(1)n ×Sp(1)n HPn−1) is a free U∗(BSp(1)n)-modul:
U∗(ESp(1)n×Sp(1)nHPn−1) = U∗(BSp(1)n)[z]/〈zn+pSp1 (VH)zn−1+. . .+pSpn (VH)〉 ,
(66)
where pSp1 (VH), . . . , pSpn (VH) are the symplectic Pontrjagin classes of the bundle VH →
BSp(1)n and z denotes the first symplectic Pontrjagin class of the canonical quater-
nionic line bundle over the projectivisation HP (VH)→ BSp(1)n.
As the bundle VH −→ BSp(1)n splits into the sum of n quaternionic line bundles, it
follows that
zn + pSp1 (VH)z
n−1 + . . .+ pSpn (VH) = (z + v1)(z + v2) · · · (z + vn) ,
where vi = pSp1 (ηiH) are the first symplectic Pontrjagin classes of the tautological
quaternionic line bundles ηi
H
for 1 6 i 6 n. Note that these classes give the generators
forU∗(BSp(1)n) or in other wordsU∗(BSp(1)n) = Ω∗U [[v1, . . . , vn]]. We obtain that
U∗(ESp(1)n ×Sp(1)n HPn−1) = Ω∗U [[v1, . . . , vn]][z]/〈(z + v1) · · · (z + vn)〉 .
It follows that ΦHPn:Sp(1)n(π) can be written as
ΦHPn:Sp(1)n(π) = g0 + g1z + . . .+ gn−1zn−1 ,
where the coefficients gj ∈ Ω∗U [[v1, . . . , vn]] are of the form
gj =
∑
ω
gj,ωv
ω
for ω = (i1, . . . , in) where i1, . . . , in are nonnegative integers and vω = vi11 · · · vinn .
The coefficients gj,ω lie in Ω−2(2n+2+|ω|)U , where |ω| = ω1 + · · ·+ ωn.
The inclusionT n ⊂ Sp(1)n induces the inclusionU∗(BSp(1)n) = Ω∗U [[v1, . . . , vn]] ⊂
U∗(BT n) = Ω∗U [[u1, . . . , un]] given with vi → uiu¯i for 1 6 i 6 n. One can
get it from the fibre bundle CP 2n−1 p−→ HPn−1 as p1(ηiH) = c2(ηiC ⊗ η¯iC) =
c1(η
i
C
)c1(η¯iC) = uiu¯i. Following [11] we put uiu¯i = |ui|2 what implies thatU∗(BSp(1)n)
includes in U∗(BT n) as Ω∗U [[|u1|2, . . . , |un|2]].
Because of (65) we obtain
ΦHPn(π) = gˆ0 + gˆ1z + . . .+ gˆn−1zn−1 ,
where the coefficients gˆj are
gˆj =
∑
ω
gj,ω|u|2ω
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for ω = (i1, . . . , in) and |u|2ω = |u1|2i1 · · · |un|2in .
In particular, for n = 2 we have the fibration CP 1 × CP 1 −→ Sp(2)/T 2 π−→ HP 1
and
ΦHP 1(π) =
∑
ω=(i1,i2)
g0,ω|u1|2i1 |u2|2i2 +
( ∑
ω=(i1,i2)
g1,ω|u1|2i1 |u2|2i2
) · z . (67)
Let us fix the invariant almost complex structure J on Sp(2)/T 2 given by the roots
x1+ x2, x1− x2, 2x1 and 2x2 for Sp(2). For the ordering x1 > x2 > 0 all these roots
are positive what implies that the structure J is integrable. Using Theorem 2.1.1 we
obtain the universal toric genus for (Sp(2), J):
Φ(Sp(2)/T 2, J) =
∑
w∈WSp(2)
1
[w(1, 1)](u)
· 1
[w(1,−1)](u) ·
1
[w(2, 0)](u)
· 1
[w(0, 2)](u)
,
(68)
whereu = (u1, u2). On the other hand the base HP 1 has 2 fixed points and the weights
for the T 2-action related to the structure induced by J on the fiber CP 1×CP 1 at these
two fixed points are 2x1 and 2x2. It implies that
ΦHP 1(π)|Fix(HP 1) = 2 · (
1
[(2, 0)](u)
+
1
[(−2, 0)](u) ) · (
1
[(0, 2)](u)
+
1
[(0,−2)](u)) .
(69)
As the generator z from (67) vanishes on the base HP 1 it follows that the coefficients
g0,ω from (67) for these fibrations can be computed from (69). Namely if we apply the
Chern-Dold character to (69) we obtain:
chUΦHP 1(π)|Fix(HP 1) = 2 · (
f(2x1)
2x1
· f(2x2)
2x2
+
f(2x1)
2x1
· f(−2x2)−2x2 +
f(−2x1)
−2x1 ·
f(2x2)
2x2
+
f(−2x1)
−2x1 ·
f(−2x2)
−2x2 ) =
∑
k,l
22(k+l+1)x2l1 x
2k
2 a2l+1a2k+1,
what, together with the application of the Chern-Dold character to the restriction of (67)
to the base HP 1, gives that
g0,ω(π) = 2
2(i1+i2+1)a2i1+1a2i2+1, for ω = (i1, i2).
Remark 8.7. Note that ΦHP 1(π)|Fix(HP 1) is invariant under the action of WSp(2). On
the other hand we have that the complementary root system x1 − x2, x1 + x2 to the
fiber is not invariant under the action of the stationary Weyl group WSp(1) ×WSp(1)
of the base HP 1 which is given by ±x1,±x2. By Proposition 6.1.3 it implies that this
structure, and analogously any other invariant almost complex structure does not come
from some invariant almost complex structure on the base. It further provides one more
proof that HP 1 does not admit any invariant almost complex structure.
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Remark 8.8. We can proceed in the same way to compute ΦHPn−1(πˆ) for the fibration
CP 1 → CP 2n−1 πˆ−→ HPn−1, where we consider unique up to conjugation Sp(n)-
invariant complex structure J on CP 2n−1 and the action of the torus T n on CP 2n−1
and HPn−1, since CP 2n−1 = Sp(n)/U(1)× Sp(n− 1). For n = 2, the roots for J
are x1−x2, x1+x2, 2x1, while 2x1 is the root of the induced invariant almost complex
structure on the fiber. Therefore we have
ΦHP 1(πˆ)|Fix(HP 1) = 2 · (
1
[(0, 2)](u)
+
1
[(0,−2)](u) ). (70)
For the coefficients g0,ω from (67) for this fibration, by application of the Chern-Dold
character to (70), as in the previous proof, we obtain:
chUΦHP 1(πˆ)|Fix(HP 1) = 2 · (
f(2x2)
2x2
+
f(−2x2)
−2x2 ) =
∞∑
k=0
22k+2x2k2 a2k+1.
g0,ω(πˆ) = 0, for ω = (i1, i2), i1 6= 0, g0,ω(πˆ) = 22i2a2i2+1 for ω = (0, i2).
8.1 On the multiplicativity question of the universal toric genus.
The multiplicativity question for the universal toric genus of a tangentially stable com-
plex T k manifold M2n, and in particular homogeneous spaces we consider, is closely
related to the algebraic question of the type of decomposability of Φ(M2n, cτ , θ) in
Ω∗U [[u1, . . . , uk]]. We summarize it for homogeneous spaces G/K as follows:
1. If there is fibration H/K → G/K → G/H such that the invariant almost
complex structure on G/K induces invariant almost complex structures on both
H/K and G/H then by Theorem 6.3 the element Φ(G/K) can be represented
as the sum of the elements from the orbit of Φ(G/H)e ·Φ(H/K) by the action of
the quotient of groups WG/WH in Ω∗U [[u1, . . . , uk]], where Φ(G/H)e denotes
the universal toric genus of G/H restricted to the identity point.
2. If G/K is the total space of a homogeneous fibration regarding to which the uni-
versal toric genus for G/K is multiplicative it implies that the element Φ(G/K)
decomposes into the product of two elements in Ω∗U [[u1, . . . , uk]]. Examples of
such decomposable elements in Ω∗U [[u1, . . . , uk]] are given by the universal toric
genera of the spaces provided by Corollary 6.1.6.
3. If for some homogeneous fibration the invariant almost complex structure on
G/K does not induce an invariant almost complex structure on the base G/H
then the universal toric genus of G/K can not be obtained as the sum of the
elements of the orbit of the multiple of Φ(H/K) by the action of WG/WH ,
where H/K is endowed with the induced invariant almost complex structure.
Example 8.1.1. Let us consider the universal toric genus for (Sp(2)/T 2, J) given
by (68). We know that Sp(2)/T 2 fibers over HP 1 with the fiber CP 1 × CP 1, but it
checks directly that (68) can not be obtained as the sum of the elements from the orbit
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of Φ(CP 1) · Φ(CP 1) = ( 1[(2,0)](u) + 1[(−2,0)](u)) · ( 1[(0,2)](u) + 1[(0,−2)](u)) multiplied
by 1[(1,1)](u) · 1[(1,−1)](u) , by the action of the group WSp(2)/WSp(1) ×WSp(1) = Z2.
On the other hand since WSp(2) = S2(±x1,±x2) we see that Φ(Sp(2)/T 2) can be
written as
∑
w∈S2(±x1,x2)
1
[w(1, 1)](u)
· 1
[w(1,−1)](u) ·
1
[w(2, 0)](u)
·w( 1
[(0, 2)](u)
+
1
[(0,−2)](u)) =
∑
w∈S2(±x1,x2)
1
[w(1, 1)](u)
· 1
[w(1,−1)](u) ·
1
[w(2, 0)](u)
· w(Φ(CP 1, J1)), (71)
where J1 is the standard complex structure on CP 1. It checks directly that this twisted
product formula forΦ(Sp(2)/T 2, J) can be realized by the fibrationCP 1 → Sp(2)/T 2 →
CP 3, where the base and the fiber are endowed with the standard complex structures.
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